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Resumo

Esta Tese apresenta uma investigacao sobre andlise de séries temporais através das fungoes
DFA, DCCA e, principalmente nos coeficientes Ppcca € DMC? . Apresenta uma pes-
quisa bibliografica focada em métodos baseados no DF A que tratam de multi-correlacao
e as aplicagoes destas funcgoes e coeficientes nas Ciéncias Ambientais. Apresentamos
também artigos, produzidos no processo desta tese, tratando da aplicacao dos coefici-
entes Ppcca e DMC? .

A implementagdo de uma ferramenta computacional (a biblioteca Python Zebende) para
a manipulagao das séries temporais e calculo das fungoes e coeficientes é apresentada , as-
sim como o algoritmo Detrended Saved, uma estratégia inovadora no calculo do DC'C Ade
forma geral, mas com vantagens no desempenho quando utilizado para célculos de muitas
séries entre si (como no caso da montdgem da matriz do Ppcca para calcular o DMC? |
quando um grande ntimero de séries temporais é utilizado). A capacidade da biblioteca

Zebende potencializar a utilizagao destes coeficientes também é apresentada.

Palavras Chaves: Séries Temporais, DMC? | Ppcca, Ciéncia de Dados, Algoritimos,

otimizacao



Abstract

This thesis presents an investigation into the analysis of time series through the functions
DFA, DCCA and, mainly, the coefficients Ppcca and DMC? . Tt presents a biblio-
graphic research focused on methods based on DF A that treat multi-correlation and the
applications of these functions and coefficients in Environmental Sciences. We also pre-
sent articles produced in the process of this thesis, dealing with the application of the
coefficients Ppcca and DMC? .

The implementation of a computational tool (the Python Zebende library) for manipula-
ting time series and calculating the functions and coefficients is presented, as well as the
Detrended Saved algorithm, an innovative strategy in the general calculation of DCCA,
but with advantages in performance when used for calculations of many series among
themselves (such as in the case of matrix construction of Ppcca to calculate DMC? |
when a large number of time series is used). The capacity of the Zebende library to
enhance the use of these coefficients is also presented.

Keywords: Time Series, DMC? | Ppccoa, Data Science, Algorithms, Optimization
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. ________________________________________| Capl'tulo TUTI1 s —

Introducao

“Ordinary life is pretty complex stuff.”

(Harvey Pekar)

Os sistemas complexos compreendem um campo interdisciplinar da ciéncia, cujo escopo de
problemas que trata nao possui uma definicao exata. Este conjunto amplo de fenomenos
¢ comumente identificado e agrupado por algumas de suas caracteristicas: sao formados
pela contribuicdo de um conjunto (geralmente grande) de componentes (muitas vezes
simples) que, interagindo, estruturam-se de forma auto-organizada, gerando resultados
inesperados, que nao podem ser previstos pelos estudos estatisticos e/ou matematicos

tradicionais dos elementos formadores do sistema.

Na area dos estudos ambientais, os sistemas complexos aparecem em problemas de diversas
naturezas: sistemas de transportes, redes de energia e comunicagao, organizagoes sociais e
economicas, densidade e ocupacao humana do espaco, dentre outas. Os estudos do clima
e de varidveis meteorolégicas ocupam um espaco de particular relevancia na intercessao
entre os estudos ambientais e os sistemas complexos. Em 2021, a Academia Real das
Ciencias da Suécia concedeu metade do Prémio Nobel de Fisica para Syukuro Manabe e
Klaus Hasselmann, cujos estudos apresentam modelos complexos para a analise do clima,
em particular apontando para uma correlagao entre as emissoes de dioxido de carbono e

as mudancas climaticas.

Muitos fenomenos complexos sao investigados pela andlise de grandes conjuntos de dados.
E notavel a velocidade e quantidade de dados que sao gerados, obtidos e armazenados pela
humanidade atualmente. A aquisicao, manipulacao, gestao, armazenamento e criacao de
valor a partir de dados, através de ambientes computacionais, tem-se apresentado como
um novo paradigma tecnolégico. Um campo do conhecimento que recebeu a denominagao
de Ciéncia de Dados, conceito que envelopa alguns termos frequentemente associados a
inovagao cientifica, técnica e social como Big Data, mineracao de dados, Business Intel-
ligence internet das coisas, inteligéncia artificial (IA) e aprendizado de maquina (AM),
dentre outros (EMC EDUCATION SERVICE, 2015, p. 12-13).

Uma das formas em que os dados costumam ser organizados sao as denominadas séries
temporais. As séries temporais sdo definidas como um conjunto de observagoes (numéricas
ou categdricas) ordenado no tempo. Embora muitos dos dados que descrevem as dinamicas
espaciais podem ser registrados na forma de sérias temporais (abastecimento de dgua nas
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tubulacoes, consumo de energia elétrica nos imdéveis, fluxos de pessoas e veiculos pela
cidade, casos de uma doenga por dia, etc.), contudo as técnicas de medigao de correlagoes,
bem como a devida exploracao destas para inferir novos conhecimentos, permanecem
como perguntas abertas em muitas sub-dreas das ciéncias ambientais (Bermudez-Edo;
BARNAGHI; MOESSNER, 2018).

1.1 Definicao do problema

As séries temporais registram aspectos fundamentais de uma gama de problemas, de diver-
sas areas que, devidamente abordados, podem clarificar caracteristicas e comportamentos
dos fenomenos estudados.

Uma das ferramentas utilizadas para analisar correlagdes entre séries temporais é o coe-
ficiente Ppcca, que permite quantificar a relacao entre duas séries, mesmo quando estas
apresentam tendéncias nao estacionarias. O Ppcca € especialmente 1til em contextos
onde os métodos tradicionais, como o coeficiente de Pearson, nao sao adequados devido

a presenca de tendéncias ou ruidos de longa duracao nas séries analisadas.

O coeficiente DMC? é uma ferramenta promissora para a anélise de correlagdes em
séries temporais multiplas, permitindo a identificacao de padroes complexos que nao sao
capturados por métodos tradicionais. O célculo deste coeficiente envolve o calculo do
Ppcca de todas as multiplas séries em combinacao duas a duas.

Os célculos do Ppoca e por extensdo, do DMC? passam pelos célculos do DCCA e
DF A em determinadas etapas, que carregam boa parte do custo computacional do pro-
cesso todo.

As publicagoes que fazem estudos com o Ppcca, tem ao seu dispor algumas opgoes de
ferramentas computacionais com esses calculos, que basicamente pertencem a dois grupos:
os implementados em linguagens interpretadas, como Python e R, que apresentam tem-
pos de computacao maiores, por outro lado, maior facilidade de manipular e visualizar
as entradas e resultados, os implementados linguagens de mais baixo nivel, com maior
velocidade, mas permitido menos flexibilidade no pre-processamento e na analise dos re-
sultados, sejam esses graficos ou numéricos. Esses 1ltimos geralmente sao desenvolvidos

internamente nos grupos de pesquisa e pouco compartilhados entre os pares.

No caso do DMC? nao existem pacotes disponiveis. Este algoritmo, pela necessidade de
calcular a combinacao dois a dois de todas as séries envolvidas, tras uma nova comple-
xidade para o calculo e maior custo computacional. As caracteristicas do calculo deste

coeficiente podem ser estudadas e beneficios podem ser extraidos dos conhecimentos ad-
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quiridos no processo.

Além disso, nao estd disponivel uma implementagao geral do DMC? para qualquer
numero de séries temporais. Os artigos publicados até entao utilizam 3 series apenas.
Fazendo com que os pesquisadores tenham que implementar o cédigo para cada nimero

de séries temporais. Isso limita e traz lentidao ao processo.

A integracao com eco-sistemas de calculo estatistico como os do Python e do R ¢ funda-
mental para o trabalho da ciéncia de dados de hoje, assim como o desempenho, princi-

palmente para lidar com grandes conjuntos de dados.

Em resumo, por um lado temos coeficientes reconhecidos pela comunidade cientifica,
aplicados em problemas diversos, mas sem ferramentas que consigam ao mesmo tempo
entregar um desempenho que viabilize trabalhar com multiplas séries de longa duracao e

uma integragao com os principais eco-sistemas de ciéncia de dados.

Essa pesquisa procura entregar uma solugao eficiente para o célculo do DFA, DCCA.
Ppcca e DMC? | totalmente integrada com as ferramentas do Python de manipulagao de
dados, matematica, estatistica, inteligéncia artificial e visualizacao de dados, resolvendo
esse didlogo de forma eficiente. Procurando melhorar a velocidade de processamento,
principalmente para o processamento de multiplas séries temporais; oferecendo uma im-

plementacao que possa ser aplicada para qualquer ntimero de series temporais.

1.2 Objetivos

Neste trabalho, tem-se por objetivo investigar a aplicabilidade do Ppcca e do DM C? com
o objetivo, nao sé de identificar correlagoes entre variaveis, mas também de entender o

algoritmo, propor e aperfeigoar ferramentas computacionais para a realizagao dos calculos.

Como objetivos gerais foram elencados:

1. Testar os algoritmos e os métodos.

2. Implementar um algoritmo computacional geral para calcular o DMC? para qual-

quer nimero de séries temporais.

3. Testar as ferramentas implementadas em novas analises.
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1.3 Importancia da Pesquisa

A pesquisa que propoe melhorias no algoritmo e a implementacao de uma ferramenta para
o cdlculo do DCCA, Ppcca e DMC? é de grande relevancia, pois aborda um problema
computacional desafiador e ainda pouco explorado. A eficiéncia no calculo destes métodos
é essencial para viabilizar sua aplicagao em conjuntos de dados de grande escala, que sao
cada vez mais comuns em diversas areas do conhecimento. Além disso, a disponibilizacao
de uma ferramenta computacional robusta e acessivel pode democratizar o uso do método,
permitindo que pesquisadores de diferentes areas possam utiliza-lo sem a necessidade de

desenvolver suas proprias implementacoes.

A proposta de melhorias no algoritmo também tem implicacoes diretas na precisao e na
escalabilidade das andlises realizadas com o DMC? . Métodos computacionalmente cus-
tosos podem limitar o tamanho dos conjuntos de dados analisados ou mesmo inviabilizar
estudos em contextos onde o tempo de processamento é critico. Ao otimizar o calculo do
DMC? | a pesquisa contribui para superar essas limitagoes, abrindo caminho para novas

aplicacoes e para a exploracao de padroes complexos em séries temporais multiplas.

No contexto das ciéncias ambientais, as implicagoes sao particularmente significativas. A
analise de séries temporais de variaveis climaticas e meteoroldgicas é fundamental para
entender fenomenos como mudancas climaticas, padroes de precipitacao e distribuicao de
energia solar. As redes elétrica, de agua e de dados sao fontes de informacoes tnicas
sobre a dinamica de uma cidade. A mobilidade de pessoas e mercadorias sao problemas
desafiadores para gestores, planejadores e empresas privadas. Séries temporais também
sao exploradas no contexto de dados sismicos, tanto para antevisao e planejamento di-
ante de ua catastrofe natural, quanto para o mapeamento do sub-solo e identificacao de
recursos geolégicos. Uma ferramenta eficiente para o cdlculo do DMC? pode auxiliar na
identificacao de correlacoes entre variaveis ambientais ou com forte implicacao no espago
e nas dinamicas locais, contribuindo para o desenvolvimento de modelos analiticos mais

precisos e para a formulagao de politicas publicas baseadas em dados confidveis.

1.4 Viabilidade e Limitacoes

A implementacao e melhoria dos algoritmos propostos apresentam alta viabilidade, uma
vez que nao demandam recursos computacionais excepcionais. A maior parte das operagoes
envolvidas, como manipulacao de matrizes e cédlculos estatisticos, pode ser realizada em
computadores domésticos de configuragoes medianas, resultando em um baixo investi-

mento financeiro.
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A viabilidade como andlise de hipéteses existe. Certamente limitacoes como o peso com-
putacional sao mais dificeis de antever, mas devem ser levadas em conta desde o principio.

A obtencao de conjuntos de dados reais e confidveis é um desafio significativo que pode
limitar o progresso de pesquisas como esta. A disponibilidade de dados de qualidade fre-
quentemente depende de fatores externos, como acesso a fontes restritas, custos associados

a aquisicao ou limitagoes técnicas na coleta e armazenamento.

De resto, vale lembrar que a honestidade do trabalho cientifico pode levar a resultados que
validam, total ou parcialmente, ou invalidam as conjecturas inicias. Apenas com a atenta
avaliacao dos experimentos realizados pode-se entender os ganhos obtidos no percurso. A
analise dos dados meteoroldgicos sera aplicada para descrever esse percurso, independente

do status da validagao dos resultados.

1.5 Questoes e Hipoteses

Este projeto foi baseado em algumas premissas:

1. O DMC? | pelas caracteristicas de andlise do método, pode ajudar a entender ca-

racteristicas de séries temporais e aplicado em problemas de diversas areas.
2. O DMC? é uma generalizacao do método Ppcca para miultiplas séries temporais.

3. O Ppcca, em determinadas condicgoes testadas, apresentou resultados mais interes-
santes (como melhor descri¢ao dos fendmenos) que os apresentados pelo coeficiente
de Pearson quando aplicado & séries temporais nao estacionarias (WANG et al.,
2013).

Partindo destas premissas, procuramos responder perguntas basilares:

1. Poderia-se criar uma ferramenta computacional eficaz para o calculo dos coeficientes?

2. Poderia-se encontrar uma alternativa mais eficaz o cdlculo dos coeficientes, princi-
palmente o recente DMC? ?

3. A implementagao e melhorias, se bem sucedidas, poderiam ampliar o nimero de

possiveis investigagoes em que os coeficientes podem ser aplicados?

Para orientar o trabalho, as seguintes hipoteses foram formuladas:
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1. E possivel otimizar os célculos do Ppcca e do DMC? .
2. Com maior poder de célculo a aplicacao dos coeficientes seria potencializada.

3. Uma ferramenta adequada para o calculo dos coeficientes seria um impulso na uti-
lizacao e divulgagao destes.

1.6 DMetodologia

A metodologia utilizada neste projeto insere-se dentro da abordagem metodoldgica expe-

rimental, estruturada em trés etapas principais.

A primeira etapa consiste em uma revisao bibliografica abrangente, com o objetivo de
compreender os fundamentos tedricos e metodologicos relacionados ao DFA, DCCA,
Ppcca e DMC? . Nesta fase, busca-se consolidar o entendimento sobre os algoritmos
e metodologias vigentes, bem como identificar lacunas e oportunidades de melhoria nos

métodos existentes.

Na segunda etapa, realiza-se uma avaliacao detalhada das possibilidades e limitagoes das
ferramentas computacionais disponiveis para o calculo dos coeficientes. Essa avaliagao se
dard através de uma pesquisa que aplica os métodos, utilizando as ferramentas de calculo
existente. Este procedimento deve embasar o pesquisador para analisar, criticar e avaliar
as possibilidades e limitagoes das ferramentas, das pesquisas e das preguntas que podem

ser formuladas e respondidas através do ferramental vigente.

Com base nessa analise, é proposta a implementacao de uma nova ferramenta compu-
tacional, com foco na otimizacao do algoritmo, na praticidade do uso e na eficiéncia do
calculo. Essa etapa envolve o desenvolvimento, teste e validacao da ferramenta, garan-
tindo que ela seja robusta e capaz de lidar com conjuntos de dados de diferentes tamanhos
e complexidades.

Por fim, na terceira etapa, a ferramenta desenvolvida é aplicada a um conjunto de dados
complexo, com o objetivo de testar os avancos proporcionados pela implementacao. Essa
aplicacao pratica permite avaliar a eficicia das melhorias realizadas, bem como explorar
novas possibilidades de anélise e interpretacao de padroes em séries temporais multiplas.

Essa abordagem metodoldgica experimental permite nao apenas validar as hipoteses for-
muladas, mas também contribuir para o avanco do estado da arte na analise de correlagoes

em séries temporais, com implicagoes praticas em diversas areas do conhecimento.
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1.7 Organizacao da Tese

Esta Tese esta dividida em capitulos, sendo que um deles versa sobre as pesquisas e
artigos produzidos durante o doutorado. Apds uma breve introducao do objeto de estudo,

realizada no presente capitulo, segue:

Uma revisao da literatura, no Capitulo 2, abrangendo nos métodos de correlagao entre
séries temporais basados no DF A, com um foco especifico no estudo de métodos que

propoe alguma forma de correlagao entre as séries.

O Capitulo 3 apresenta a producao cientifica em fora de artigos. Uma sequéncia de pes-
quisas que compoem o cerne da Tese. Sao trabalhos independentes porem interconectados

que sao apresentados em seguir:

e A Sessdo 3.1 apresenta um artigo publicado, apresentando uma aplicagao do DM C?
na analise de multiplas séries temporais. Uma contribuicao para a analise de séries

de ondas cerebrais,captadas por eletroencefalograma (EEG) também é apresentada.

e A Sessao 3.2 apresenta um artigo ainda nao publicado que trata da implementacao
de uma ferramenta computacional que possibilita velocidade e usabilidade no calculo
dos algoritimos do DF A, DCCA e Ppcca. Além da implementacao da biblioteca,
o artigo apresenta como contribui¢ao, uma mudanga na sequéncia de passos extre-
mamente vantajosa para o calculo do DCCA e Ppcca, principalmente para calculo
com muitas séries paralelas, como no caso da atribuicao de valores na matriz do
Ppccoa para célculo do DMC? .

e A Sessao 3.3 apresenta um experimento utilizando a ferramenta computacional de-
senvolvida. Testa critérios de semelhanca entre séries temporais e aponta a possibi-
lidade de se usar esses critérios na selecao de atributos de algoritmos de aprendizado

de maquina.

O Capitulo 4 por fim, apresenta a conclusao da Tese.

O Anexo A apresenta um artigo de co-autoria do discente desta Tese. Esse artigo é anterior
ao artigo apresentado no Capitulo 3, Sessao 3.1. Apresenta analise de dados oriundos da
mesma base utilizada no Capitulo 3, Sessao 3.1 utilizando o coeficiente Ppcc 4 na analise
dos dados.

O Anexo B apresenta registros de sotwares e de documentacao técnica oriundos do de-
senvolvimento desta Tese.
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Fundamentacao Teodrica e Metodologia

“Time is nature’s way of keeping
everything from happening at once.”

(John Archibald Wheeler)

O presente capitulo apresenta uma revisao bibliografica dos métodos utilizados, iniciando
com a defini¢bes preliminares, seguindo pela explicacao passo a passo do método para
calcular o DFAeo DCCA, sem os quais 0 Ppcca € 0 DMCE nao podem ser entendidos,
seguindo pela explanagiao do célculo do Ppcca e do DMC? | como se dé a leitura dos
resultados e como sao aplicados em anélises.

Em seguida apresenta-se as relacoes dos métodos com a geometria fractal e multifractal,
conceitos importantes nas analises das séries temporais propostas pelos métodos deriva-
dos do DF' A. Apresentamos também metodologia e algoritimo para da determinacao da
multifractalidade de uma série temporal, segundo o DF A.

Na Sessdao 2.4, apresenta-se uma selecao de outros algoritmos que, além do DMC? |
trabalham com correlagoes multiplas baseadas no DF A. Algoritmos selecionados sao
apresentados.

Na Sessao 2.5, apresenta-se aplicagoes do que esta familia de metodologias jé foi aplicada,

ressaltando a gama de problemas e os mais relacionados com as ciéncias ambientais.

2.1 Definicoes preliminares

O conceito de correlagao pode ser definido como uma medida de associacao entre duas ou
mais conjuntos de varidveis. Como exemplo podemos citar a correlagao de Pearson, uma
medida de correlagao linear entre dois conjuntos de dados. Para entender o calculo do
coeficiente de Pearson é preciso entender importantes medidas de de dispersao: o desvio

padrao e a variancia.

A média é uma importante medida de posicao para os valores de uma determinada
variavel. Por medida de posicao pode-se entender que a média, soma de todos os va-

lores medidos para uma variavel, marca um tnico valor para toda a série. Embora uma
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medida importante, a média nao apresenta como esses valores se distribuem ao logo das
retas. As medidas que procuram capturar a oscilagao dos valores sao chamadas e medidas
de dispersao. As mais importantes destas medidas sdo a variancia (0?) e o desvio padrao
(0?), calculadas de acordo com as Equagoes 2.1 e 2.2 para uma determinada populagao.

(2 — p)? (2.1)

ql\’)
I
==

7=\ v o — w2 (2.2

As duas medidas partem do mesmo principio: um somatério da diferenca entre os valores
e a média (desvio) dividido pelo nimero de observagoes. Como a somatoria destes valores,
considerando os positivos, (a direta do valor médio) e negativos (a esquerda da média),
seria igual a zero, no calculo da variancia e do desvio padrao, esses valores sao elevados
ao quadrado. No caso da variancia média do somatorio dos desvios é calculada e no caso
do desvio padrao temos a raiz quadrada da variancia.

cov(X,Y) = %Z X — ) (Y = py) (2.3)

E possivel estabelecer relagoes entre dois conjuntos de observagoes a partir da variancia e
do desvio padrao, mas a covariancia consegue atribuir um valor para essa comparacao. A
covariancia (Eq. 2.3) mede o grau de dependéncia numérica entre duas varidveis. Quando

duas variaveis sao independentes entre si o valor da covariancia é zero.

cov(X,Y
_ cov(X,Y) (2.4)
0x0y
A correlagao de Pearson é um coeficiente de correlacao linear, que normaliza os valores da
covariancia entre —1(ante-correla¢ao) e 1(correlagao). Seu calculo é a razéo da covariancia
entre duas varidveis e o produto dos desvios padroes das mesmas (Eq: 2.4).
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2.2 DMeétodos de Analise de Séries Temporais: DFA, DCCA,

pDCCA e DMC%

Assim como o coeficiente de Pearson é baseado no desvio padrao e na covariancia, o
coeficiente Ppeca (ZEBENDE, 2011) foi formulado tendo como bases o Detrended Fluc-
tuation Analysis (DFA) (PENG et al., 1994b) e o Detrended Cross-Correlation Analysis
(DCCA) (PODOBNIK; STANLEY, 2008). O DFA é um método de andlise de uma série

temporal que fornece um parametro de auto-afinidade. O termo Detrended refere-se a

eliminacao de uma tendéncia. O processo é executado em 6 passos, como mostrado no

Algoritmo 1.

Algoritmo 1 DFA

1.

Cdlculo da série integrada: dada uma série temporal {z;}, com i variando de 1 a N, a
série integrada X} é calculada por X} = Zle [x; — (x)], com k também variando de 1 a
N;

. Divisao da série em caixas: a série integradaXy é dividida em (N — n) caixas de

tamanho n (escala temporal), cada caixa contendo n + 1 valores, comecando em ¢ até
1+ n;

. Cdlculo do ajuste polinomial: para cada caixa, ¢ calculado polinomio (geralmente de

grau 1) que melhor se ajusta, obtendo Xy ; com i <k < (i + n);

. Calculo da funcgao f12) r4 Para cada caixa: para cada caixa de uma escala temporal é

calculada a funcao de DF' A pela expressao:

fhra(n,i) = 14%” W (X ki — X))

. Célculo da fungao de flutuagao para uma escala temporal: para todas as caixas

de uma escala de tempo, o DFA ¢é calculado como:

Fpra(n) = \/ﬁ S B a(nyi);

. Andlise em diferentes escalas temporais: para diferentes escalas de tempo (n), com

valores possiveis 4 < n < %, é calculada a funcao Fppr4 para encontrar uma relacao entre
F DFA XN

O DFA caso tenha uma relacdo de poténcia (calda longa) entre fdfa e n, entao havera
uma lei de poténcia do tipo fdfa(n) < n® (ZEBENDE; SILVA; FILHO, 2013). Diferentes
valores de a podem ser interpretados como:

e a < 1/2: Anti-correlagao.

e o~ 1/2: Sem correlacao (white noise).

e o > 1/2: Correlagao.

L Aqui considera-se o célculo com sobreposicio de caixas.

10
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e o ~ 1: Ruido rosa.
e o > 1: Série nao estaciondria.

e o~ 3/2: Ruido browniano.

Para o ajuste do polinomio, definido como a tendéncia, costuma utilizar um polinomio de
primeira ordem, mas existem estudos que comparam o efeito que a ordem do polindomio

exerce sobre a analise e a capacidade do polinomio de maior grau capturar a tendéncia
da série (HU et al., 2001).

O passo 4 do Algoritmo do DF' A (Alg. 1) apresenta semelhangas com o célculo da desvio
padrao (Eq: eq:std). Enquanto o desvio padrao soma os quadrados dos valores subtraidos
da média, nesta etapa do algoritmo do DF'A calcula-se o somatério da diferenca entre os
valores da série integrada com o valor do polinomio de tendéncia. Enquanto a medida de
dispersao aponta o quanto os valores desviam do valo médio, o passo 4 do DF Aanalisa
quanto os valores flutuam em relacao a tendéncia. Essa é a ideia por tras do termo funcao
de flutuacao. Como a tendéncia é calculada para um conjunto de n + 1 pontos, o passo
cinco aplica a raiz quadrada da média do valores do passo 4 obtidos para cada cada calculo

de uma nova tendéncia em relagao aos pontos utilizados para o ajuste da tedéncia.

O DCCA amplia o DF A para estabelecer a correlacao entre duas séries temporais (PO-
DOBNIK; STANLEY, 2008). O valor deste coeficiente tende a ser a média dos valores do
DF A das duas séries e segue os 6 passos descritos no Algoritmo 2.

O DCCA atesta a existéncia de uma correlagao entre duas séries mas nao quantifica
o nivel desta correlacao. Assim como a etapa 4 do Algoritmo do DF A apresenta uma

relacao com o desvio padrao, o DC'C A aproxima-se da covariancia.

O Detrended cross-correlation coefficient ou Ppoca (equagao 2.5) é um coeficiente que,
variando entre —1 e 1, aponta auséncia de correlacao cruzada para valores proximos de
zero, sendo maior a correlacao quanto mais o valor se aproximar de 1 e maior a anti-

correlagao quanto mais o valor se aproximar de -1 (ZEBENDE, 2011).

FJ%CCA (291, ;Bj2)<n)

N Fpra (zJ1)<n) X Fppa (ac72)(n)

ppcca(n) (2.5)

Considerando a proximidade do DF' A com o desvio padrao e do DCC' A com a covariancia
(na etapa ntimero 4), p Ppcca apresenta grande semelhanga com o coeficiente de Pearson,

substituindo a covariancia pelo DC'C' A e os desvios padroes pelos respectivos valores do
DFA.

11
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Algoritmo 2 DCCA

1. Célculo das séries integradas: tomando duas séries temporais com a mesma extensao
i1 2 - e -

{x]"} e {@]"} com i variando de 1 a N, as séries integradas X ay, e X B sdo calculadas por
Xy = Ele [z; — (x)] para cada série, com k também variando de i a N;

o e ~ s e . s 11 12~ e e qe .

2. Divisao das séries em caixas: as séries X; e Xj° sdo divididas em (N — n) caixas
de tamanho n (escala de tempo), cada caixa contendo n + 1 valores, comecando em i até
1+ n;

3. Célculo dos ajustes de polinémios: para cada caixa, um polinémio (geralmente de grau

. i1 0 - i1 2 .
1) melhor se ajusta, obtendo X7l ; e X72; ;. para séries {z] } e {z]°} respectivamente,
com i < k < (i+n);

4. Calculo da fungao fz%cc 4 em cada caixa: para cada caixa uma das N — n caixas de

uma mesma escala temporal a funcao é calculada por:

. . — I
Fhoca(n i) =t SRZ (X — XT1ka) x (Xj5 — X92,)

5. Célculo do DCC A para toda a escala temporal: para todas as caixas de uma mesma
escala temporal, o DCC' A é calculado como:

N— .
Fooan) = 5= 3" fhoca(n, i);

6. Andlise em diferentes escalas temporais: para um nimero de escalas de tempo (n),
com valores possiveis 4 < n < %, o DCC'A é calculado para encontrar uma relacao entre
Fpcca xn

12



Capitulo Dois 2.2. Métodos de Anélise de Séries Temporais: DFA, DCCA, Ppcca e DMC?

O método foi estatisticamente validado (PODOBNIK et al., 2011), testado (VASSOLER;
ZEBENDE, 2012; GUEDES et al., 2017; FERREIRA et al., 2018), e critérios para ava-

liacao de relevancia estatisticas do resultados foram desenvolvidos (GUEDES et al., 2018a;
GUEDES et al., 2018b).

O Ppcca foi estendido para calcular a correlagao cruzada de multiplas series temporais.
Denominado Detrended Multiple Cross-Correlation Coefficient (DMC? ), representa a
generalizacao do Ppcca para miltiplas varidveis (ZEBENDE; SILVA| 2018). Também foi
implementado com abordagem de janelas méveis (GUEDES; da Silva Filho; ZEBENDE,
2021) e foi desenvolvido um teste estatistico para o coeficiente miltiplo (da Silva Filho et
al., 2021)

A generalizagao utiliza a equagao 2.6. Sendo y uma serie temporal definida como variavel
dependente, 7 um conjunto de séries temporais tomadas como variaveis independen-
tes, com j variando de 1 a m. Sendo p, ,i(n) o vetor coluna contendo dos valores dos

coeficientes Ppcca entre a serie y e cada uma das séries 27 (Eq: 2.7).

DMC3 = py xi(n)" x p~(n) X py xi(n) (2.6)

Py, X (n)T = [PY,XI(TL)» PY,XQ(”)a s Py Xm (n)] (2.7)

A matriz p~!(n), inversa da matriz apresentada na equacao 2.8. A matriz é montada
através dos valores dos coeficientes Ppccoa para cada par de varidveis dependentes em x,,.
Pela propriedade comutativa presente na equagao do calculo do Ppcca , pode-se afirmar
que a matriz é sempre simétrica. O valor do Ppccoa de uma série com ela mesma é sempre
o de correlagao total (1), portando a diagonal principal apresenta o valor 1 em todas as

posicoes.

1 pxix2(n)  pxixs(n) ... pxixm(n)
Px2 x1 (’I’L) 1 pX27x3<TL) oo PXx ,Xm(n)
p(n) = . . (2.8)
pXm,X1(n) pXm7x2(’l’L) pXm,Xs(n) c. 1
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2.3 Fractais e os métodos baseados no DF' A

Existe uma relagdo entre os métodos baseados no DF A e a geometria fractal, termo
cunhado pelo matematico Benoit Mandelbrot (MANDELBROT, 1977). A palavra fractal
procede do latim fractus cujo significado é ”quebrado”ou ”fragmentado”.

A pesquisa que originou a geometria fractal baseou-se em pesquisas anteriores do ma-
teméatico Gaston Julia, e aplicou computacao grafica para estudar o comportamento de
métodos iterativos na resolucao de certas equagoes complexas. O conjunto de images gera-
das pelo experimento apresentou caracteristicas e propriedades geométricas particulares,
dentre elas a persisténcia do valor obtido pelo célculo da dimensao de Hausdorff (que,
a partir dos trabalhos de Mandelbrot, passa a ser conhecida também como dimensao
fractal), ainda que calculado utilizado diferentes escalas de discretizagdo do espaco de
resultados (MANDELBROT, 1982).

A técnica de contagem de caixas é uma ferramenta utilizada para estimara a dimensao
fractal de uma forma. Técnica foi introduzida por Mandelbrot e tem sido amplamente

utilizada em estudos de fractais.

A ideia bésica da contagem de caixas é dividir o conjunto em caixas de tamanho fixo e
contar o numero de caixas que o conjunto ocupa. Em seguida, o tamanho da caixa ¢é
reduzido e o processo é repetido. A relacao entre o niimero de caixas e o tamanho da

caixa pode ser usada para estimar a dimensao fractal do conjunto.

A férmula para a dimensao fractal utilizando a técnica de contagem de caixas é dada por:

oy los(N(0)

i o 1/e) (29)

Sendo N(€) é o numero de caixas de tamanho € que preenchem o conjunto.

A ideia de se dividir uma figura 2D em caixas apresenta semelhanca com a divisao de uma
série temporal (1D) por segmentos de reta de um polinémio de primeiro grau. Mais do
que uma semelhanca aleatéria, em escala log-log, o DF A, quando desenha um segmento
de reta ligando uma sequéncia de escalas temporais, representa uma caracteristica de

auto-similaridade da série, como mostrado na Figura 2.1 (PENG et al., 1994a).

Uma generaliza¢ao multifractal do D F A foi proposta por Kantelhardt et al. (2002). Apre-
sentado na Equacao 2.10, onde o valor de ¢ representa a ordem da funcao DF A calculada.

Quando ¢ = 2 a equagao assume o valor do DF'A. No caso de ¢ = 0 a média exponencial

14
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2.0 T ' T v T
x Uncorrelated control sequence (patch model)
o E.coli K12 genome, 0-2.4min. region
|+ Correlated control sequence
© Human T-cell receptor alpha/delta locus _,#®_of
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Figura 2.1: Andlise DF' A de sequéncias de DNA e sequéncias de controle, resultados
apresentando correlacao de longo alcance (+ e o) e ndo apresentando correlagao. (x e )
Fonte: (PENG et al., 1994a)

é utilizada para a medicao. Esses resultados também foram expandidos, baseando-se no
DCC A para a multi-correlagdo multifractal entre séries temporais (ZHOU, 2008).

q#0,
| 2N » 1/q
F,(s) = {QNS S [P0, 5)] } ,
= (2.10)
q=0,

2N,
1 S

Fy(s) = exp {4]\7 g In [F?(v, s)] } ~ s
5 w=1

15



Capitulo Dois 2.4. Variantes de correlacao cruzada baseados no DCC'A

2.4 Variantes de correlagcao cruzada baseados no DCCA

Duas variantes do DC'C'A que lidam com correlagao cruzada ja foram apresentados nesta
pesquisa: O Ppcca e 0 DMC? . Além desses métodos, este trabalho destaca mais alguns
trabalhos: Multivariate Detrended Fluctuation Analysis (MV DFA) (XIONG; SHANG,
2017), Generic Multichannel DFA(GM DFA) (NAVEED; REHMAN, 2025) e o Detrended
Partial Cross-correlation Coefficient (DPCCA) (YUAN et al., 2015).

Diferente do DMC? | que estabelece um valor de fungio, onde a correlacio é medida
entre um conjunto de varidveis independentes e uma variavel dependente, o MV DF A
calcula um valor inico para qualquer combinacao de séries temporais, representando uma
generalizacao do DFA para maultiplas variaveis. Neste método, divide-se a série temporal
em um conjunto de caixas nao sobreposto, eventualmente perdendo alguns valores no final
da série, mas repetindo o processo do fim para o comeco da reta para compensar. Apos
a interpolacao dos polinomios, a funcao local, em cada caixa e dada pela Equacao 2.11,

one a norma euclidiana (Equagao 2.12) é utilizada para o cédlculo.

1 o ~
Fz(v7 S) = g Z H(iflv-i-t,lv nu+t,27 s 7}/21;-‘1-15,17) - <Y,17 Y,?v cee 7}/,,17)
t=1

”X _YH = H(.Z'l,l'g,...,.’lfn) - <y17y27"'7yn)” =

Terminando o cédlculo de forma semelhante ao apresentado no algoritmo do DF' A , como
mostrado na Equacao 2.13. O MGDF A substitui a norma euclideana pela norma de
Mahalanobis. Estes métodos nao possuem grandes relacoes com o DC'C A e, por extensao,
com o Ppoca e DMC? .

2N

1/n
Fyvpra(s) = {2]1\75 Z [F2(U,s)]} (2.13)

v=1

J& o DPDCC A aplica a mesma matriz utilizada no cdlculo do DMC? | apresentado na

Equacao 2.6, cuja forma antes da inversao é apresentada na Equacao 2.8. A matriz é
denominada de C'(n) (Equagao 2.14).
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Capitulo Dois 2.5. Aplicagoes das fungoes e coeficientes

C’lyl(n) 0172(71) Ce C’Lm(n)
Ogln 02271 C'an

Cny =iy = | . (214)
Cmi(n) Cpan) ... Chm(n)

O célculo final do DPDCC A é realizado pela Equacgao 2.15, a partir dos valores obtidos
pela inversao da matriz do Ppcca.

o —Cj, 5, (n
popcca (j1,j2;n) = \/C- ; (7;)] (O) ) (2.15)
J1,J1 J2,72

O resultado deve ser analisado como a correlagao entre as duas variaveis, desconsiderando
a atuagao das outras variaveis cujos valores de Ppcc 4 foram utilizados na montagem da

matriz na Equacao 2.8.

2.5 Aplicagoes das funcoes e coeficientes

Muitas aplicacoes foram testadas para essas funcoes e coeficientes. Muitas aplicacoes
na area de medicina e saide (CHEN et al., 2018; FILHO et al., 2023a; GE; LIN, 2023;
GHOSH et al., 2018). Questdes de economia e marcado financeiro na China (LI; TIAN,
2024), América Latina (Contreras-Reyes; Jeldes-Delgado; CARRASCO, 2024), Estados
Unidos e China (CHEN et al., 2024) e no mercado de energia (ASLAM et al., 2024), detre
outros, provando que os estudos de correlacao entre mercados costuma tratar de aspectos
globais e locais, apresentando forte relagao com as ciéncias ambientais.

Muitos estudos também utilizaram esses métodos em outros aspectos das ciéncias ambien-
tais: estudos sobre dados sismicos (SHADKHOO; JAFARI, 2009) e geolégicos (BIANCHI;
LONGO; PLASTINO, 2018; QIN et al., 2024); transportes (SHI et al., 2018; ZEBENDE;
da Silva; FILHO, 2011; ZEBENDE; FILHO, 2009); estudos técnicos que podem trazer me-
lhorias para questoes de infra-estrutura (SANTOS et al., 2018); pesquisas sobre violéncia
urbana (FILHO; da Silva; ZEBENDE, 2014); e muitos estudos sobre o clima.

Dentre os estudos sobre o clima, destacamos: correlagoes entre temperatura (YU; LI;
ZHOU, 2019); chuvas (ADARSH et al., 2020), (LI et al., 2024); entre temperatura e
umidade (ZEBENDE et al., 2018); entre dados meteorolégicos, e poluentes (SHI, 2014),
(HE, 2017), (ZHANG; NI; NI, 2015), (SHEN; LI; SI, 2015); Chuva e doengas tropicais
(OLIVEIRA et al., 2023); aquecimento global (CHATTERJEE; GHOSH, 2021), (YUAN;
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Capitulo Dois 2.5. Aplicagoes das fungoes e coeficientes

FU, 2014); meteorologia e previsdes (AFUECHETA; OMAR, 2021; SHIN et al., 2019);
temperatura do solo e composicao (KAR; CHATTERJEE; GHOSH, 2019).

Com base nesta pequena amostra dos inumeros trabalhos que abordam esse conjunto de
funcoes e coeficientes, é possivel afirmar que, do ponto de vista das ciéncias ambientais,
o estudos destes algoritimos é uma significativa contribuicgao.
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Capitulo Trés m—— — — —  ——

Producao Cientifica

Neste Capitulo apresentamos producoes cientificas em formato de artigos.

Na Sessao 3.1, um artigo publicado que apresenta uma aplicagao do DMC? na anélise

de dados registrados por um Eletroencefalograma no decorrer de um experimento.

Na Sessao 3.2 temos o artigo, em fase de revisao pelos autores, que deve ser submetido
em seguida. O artigo trata da implementacao de uma ferramenta computacional para

facilitar o uso das fungoes e coeficientes abordados por pesquisadores.
A Sessao 3.3 apresenta a ferramenta computacional e explora suas potencialidades.

Ressaltamo que o artigo apresentado no Anexo A, foi o primeiro que participei como
coautor neste grupo de pesquisa. Ele embasa os trabalhos do artigo apresentado nas
Sessoes 3.1 e 3.3, e faz parte da trajetoria de investigacao sobre os algoritmos que levaram

ao artigo apresentado na Sessao 3.2.

3.1 Artigo 01: DCCA multi cross-correlation analysis applied
on EEG signals to study motor activity (Real/Imaginary)

“That brain of mine is something more

than merely mortal, as time will show.”

(Ada Lovelace)

O primeiro artigo apresentado, DCCA multi cross-correlation analysis applied on EEG
signals to study motor activity (Real/Imaginary) (RIBEIRO et al., 2025), narra uma pes-
quisa utilizando o DMC? na busca de padroes cerebrais, através do estudo das séries
temporais oriundas de um experimento (de movimentos reais e imaginarios dos membros
do corpo) monitorado pelas gravagoes das ondas do cérebro por um aparelho de eletroen-
cefalograma. O artigo trabalha com o Ppccacom a mesma fonte de dados que o artigo
intitulado Statistical study of the EEG in motor tasks (real and imaginary) (FILHO et
al., 2023b), utilizando o Ppcca apresentado no Anexo A, e representa um avango técnico
em relacao ao anterior.
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3.1. Artigo 01: DCCA multi cross-correlation analysis applied on EEG signals to study motor activity
Capitulo Trés (Real/Imaginary)
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Figura 3.1: Desvio padrao dos valores do DM C? para cada uma das tarefas.
Fonte: Elaborada pelos autores.

No Artigo de 2023, apenas um subconjunto de 11 individuos de universo de 109. Ja no
artigo de 2025, 108 dos 109 individuos foram analisados. Encarando o dilema de, trabalhar
com um ambiente de mais alto nivel, capaz de manipular o conjunto de dados e visualizar
os resultados de foma mais pratica e automatizada, com sacrificio do desempenho, ou
trabalhar em baixo nivel, como maior velocidade de calculos e menor praticidade para
trabalhar, uma solugao intermediaria foi adotada: os dados foram baixados, carregados,
editados e preparados utilizando um ambiante Python, os calculos foram feitos através
de um programa escrito em C e a visualizagao dos resultados novamente em Python. As
chamadas do programa em C foram feitas dentro do cédigo Python, utilizando a biblioteca

subprocess.
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Figura 3.2: Médias dos valores do DM C? para cada uma das tarefas.
Fonte: Elaborada pelos autores

A implementaciao em C executa a inversao da matriz p~!(n), apresentada na Equagao 2.8
em codificagao direta, como mostrado na Equacao 3.1. Significando que, para cada quan-
tidade de variaveis independentes que se queira estudar, um novo programa deve ser
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3.1. Artigo 01: DCCA multi cross-correlation analysis applied on EEG signals to study motor activity

Capitulo Trés

(Real/ITmaginary)

escrito.

DMC?

(piz,xg X PYx, — Py, TP xs X PYx, P

+2 X pxi,x, X Pyixy X Py,Xe — 2 X Ppxixs X PXo,Xs X PY,Xy

+ P%(I,X2 X ng,xg - p2Y7X3 +2 X pxy x5 X pyxy X Py,xs

= 2 X Px; Xo X PXa,X5 X PY,X1 X PY X3 (3.1)
— 2 X px;.Xy X PX1,X5 X PY,Xs X PV, X5

+2 X pxy x5 X Py,x, X PY,X3> /

2 2 2 -1
(le,XQ + pX1,X3 + pXQ,Xg - 2 X thXZ X le»XS X pXQ,Xg)

A pesquisa utilizou-se exaustivamente da andlise de graficos para chegar nas conclusoes

revisadas pelos pares. A quantidade de figuras excederia o tamanho do artigo, forcando

a criacao de um repositério online no enderego abaixo:

(https://255ribeiro.github.io/Multi_Cross-correlation EEG/)

Os codigos utilizados para o download dos dados, tratamento, cédlculos e geragao das
figuras estao disponiveis em (https://github.com/255ribeiro/Series EGG_3_14).

median
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3.3: Mediana dos valores do DM C? para cada uma das tarefas.
Fonte: Elaborada pelos autores

As Figuras 3.1, 3.2 e 3.3 mostram grande consisténcia entre a populagao, no entanto é

possivel observar caracteristicas nos gréaficos de cada individuo que apontam para uma as-

sinatura individual, como uma impressao digital, como explicado no artigo. Para facilitar
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3.1. Artigo 01: DCCA multi cross-correlation analysis applied on EEG signals to study motor activity
Capitulo Trés (Real/Imaginary)

o entendimento das analises, alguns videos que apresentam sequencialmente os resultados
das tarefas de cada sujeito foram criados e colocados no repositério online.

Nos termos da quantidade de dados analisados, a implementacao carece de melhorias
e otimizagoes. Passar os dados para C através da biblioteca subprocess é um processo
trabalhoso, exigindo a gravagao dos arquivos tratados em arquivos formatados conforme
as regras estabelecidas no codigo em C. Generalizacoes do algoritimo para um nidmero
qualquer de séries temporais e do calculo da inversao da matriz também devem ser im-

plementados para expandir as possibilidades em trabalhos futuros.
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Abstract

We applied the DCCA multiple cross-correlation coefficient to analyze time
series of EEG experiment, where 109 subjects performed four tasks involving
real and imaginary motor activities. In this case, four specific channels were
selected on the scalp: two on the frontal and two on parietal region. As a
result, the DCCA multiple cross-correlation coefficient identified that there is
a single signature for each subject. Globally, there is no significant difference
between the real and the imaginary task. The frontal channels had greater
multiple cross-correlation values than the parietal ones, especially for time
scales around 0.42s, and with smaller standard deviations. According to
our results, the proposal to study multiple time series at the same time by
using the DCCA multiple cross-correlation coefficient is feasible and robust
for EEG analysis. Finally, the coefficient was applied in a substantial number
of subjects, tasks, and experiments producing high-quality results (figures,
movies, and tables), and this study will probably kick off of a new approach
to analyzing multiple cross-correlations in EEG signals.

Keywords: DFA, DCCA, DCCA Multiple Cross-Correlation Coefficient,
EEG signals, Brain
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1. Introduction

An electroencephalogram, or EEG, is a test that evaluates the electri-
cal activity of the brain. It is normally a non-invasive method, where tiny
electrodes are placed on the scalp to track brain wave patterns and send
them to a computer. The EEG equipment measures the electric potential
difference (usually in V) between each of the 64 electrodes and a reference
electrode, usually placed in the ear lobe. These impulses are amplified and
recorded over time, generating time series for each sensor (with high tempo-
ral resolution and low spatial resolution). The international 10 — 10 system
was used to map the positions, where 64 electrodes were fixed in the exper-
iments, that collected the data used in this analysis. The nomenclature of
the channels in this system is given according to the region in which they
are located, namely F' (frontal), T' (temporal), C' (central), P (parietal), and
O (occipital). Channels located on the midline are indexed by the letter z
(zero), channels located on the left side are represented by odd indexes, and
those on the right side are represented by even indexes (see Fig. 1). EEG

. Fs
Fi e F)rV. R F) Fe

FT280 FC re; M re, M re ) | re,LFe A FCY

Figure 1: Electrode positions based on international 10 — 10 system for 64 channels. The
circles F3 (blue), Fg (yellow), P3 (red), and Ps (green) identify the channels used for
multiple cross-correlation analysis.

analysis is useful for diagnosing problems such as epilepsy, dementia, sleep
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disorders, and other health problems. The diagnosis normally focuses on
the spectral content of the EEG and on the type of neural oscillations (or
brain waves) that can be observed in these signals. Most observed signals
are between 1 and 20 Hz. Although EEG is almost a centenary technique,
in recent decades, it has addressed new problems, such as brain-triggered
neuro-rehabilitation treatments, experimental psychology, or even compu-
tational neuroscience, due to its versatility and accessibility, alongside the
advances in signal processing [1, 2] that enhance the analysis possibilities
in the field. Some new techniques for analyzing EEG signals that we wish
to highlight are the root mean square fluctuation function, Fppa, studying
brain activity in the reading task [3, 4], the quantification of long-range cor-
relation of EEG signals [5], and recently in the statistical study of the EEG
cross-correlation of two signals using the detrended cross-correlation [6].

In this paper, we will analyze multiple time series of EEG signals produced
in a motor activity (Real/Imaginary) by 109 subjects via the Detrended
Multiple Cross-Correlation Coefficient [7]. Based on symmetry criteria, we
chose the channels F3, Fg, P3, and Py to apply this new statistical tool. In the
sections below we present the Data and Method with dataset, methodology,
and calculations used to analyze the data, including pre-processing strategies.
Afterward, we present the Results and Discussion with its statistics and a
discussion and, finally we make a Conclusion.

2. Data and Method
Data

The EEG files were downloaded from the Physionet open-access website,
available at this link:

https://physionet.org/content/eegmmidb/1.0.0/

Physionet operates under the Open Data Commons Attribution License
(ODC-By) v1.0. This website presents a large quantity /quality of EEG ex-
periments, in EDF (European Data Format) format, computed by a Brain-
Computer Interface Technology, BCI-2000 [8], on the premise of the inter-
national 10 — 10 system. The Physionet website was accessed on January
11, 2022 for this study, taking into account that we did not have any infor-
mation that could identify individual participants. These EEG signals were
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performed in 14 experiments on a population of 109 subjects with the ob-
jective of record brain signals during various motor stimuli, or tasks, briefly
described below.

The first two activities were baseline references: in the first, the subjects
were resting with eyes opened, and in the second, with eyes closed (one
minute for each). The other four activities (task) were a combination of
two categories with two possible options each. In general, the experiments
consisted of making the subjects react to a visual stimuli, in other words, a
target that appears on a screen. One category is about the target position,
i.e., one option was a target appearing on the Left /Right of the screen, and
the other was a target appearing on the Top/Down. The second category
determined if the subject actually executed a body movement related to
the target position (Real) or if the corresponding action was just imagined
(Imaginary). All experiments for these 109 subjects were downloaded, but
we have decided to delete the EEG relating to S106, because the experiment
5 (Top/Down Real - task 3) for this subject have only N = 5808 values.

These tasks, with approximately two minutes of duration, are better sum-
marized in the Table 1, were each task was performed three times (experi-
ments). After introducing our database, we will describe the methodology

Table 1: The activity executed and the experiment number for two one-minute baseline
runs (one with eyes open, one with eyes closed) and three two-minute runs of a particular
task.

Activity\EXperiment 1/2/3/4|5/6|7|8|9(10|11/12|13|14

Baseline 1 (eyes open) |0
Baseline 2 (eyes closed) | [0
task 1: Real (L/R) X X X
task 2: Imag (L/R) X X X
task 3: Real (T/D) X X X
task 4: Imag (T/D) X X X

applied for multiple cross-correlation analysis.

DCCA multiple cross-correlation methodology

The coefficient DMC? is a new statistical tool to analyze non-stationary
time series in multiple applications [7]. It starts with the DFA method [9],
which was proposed to identify self-affinity in a single time series, and its
generalization, the DCCA method [10], for study cross-correlation in two time

4
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series. Some applications in EEG signals, of DFA and DCCA method, can be
seen to analyses brain disorder, as in different physiological and pathological
states of epilepsy EEG signals [11], Alzheimer disease patients [12], among
other [5, 4, 6]. Specifically, DMC? is a generalization of the detrended cross-
correlation coeflicient, px, x, [13] (widely known as a robust statistical tool
[14]). DMC? calculates the multiple cross-correlation of one time series
{Y'} (dependent variable) in relation to a number k of others time series
{Xa}, {Xo}, { X35}, ..., { Xk} (independent variable). DCCA multiple cross-
correlation is defined as:

DMC2(n) = prx, ()" x p~ (n) X py.x, (n) (1)

This coefficient, 0 < DMC%(n) < 1, where 0 (1), the weaker (stronger) is
the relationship between the dependent and independent variables. The term
p~'(n), in the Eq. 1, represent the inverse matrix of all possible combinations
of px, x, (between the independent variables); in other words:

-1

1 PX1,X2 (n) PX1,X3 (n) s PX, X (n)
p—l (n) _ IOXQy).(l (n) 1 :OXQ,).(?) (n) s sz,)‘fk (n) (2)
PXy, X1 (n> PXy, X2 (TL) PXy, X3 (n) s 1

In this equation, py x,(n) represent the vector of the detrended cross-correlation
between the predictor variables (independent) and the target variable (de-
pendent), and py x,(n)7 it is the transposed.

DM C? has been applied in many problems, specifically for three time se-
ries analysis, i.e., one {Y'} (dependent) and two {X;}, {X2} (independent).
Examples of these applications can be found applied to study meteorological
variables [15], in statistical test [16], with the implementation of sliding win-
dows [17], to measure the contagion effect on stock market indexes [18], to
take the statistical analysis between stock market indexes [19], among other
applications.

However, for the particular case of four time series, i.e., one {Y'} (depen-
dent variable) and three { X1}, {X5}, {X3} (independent variables), there is
still no cases. In this sense, from Eq. 1, the calculus of the DM C? with three
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independent variables can be represented by:

DMC? = (P%{z,xg, x P%/,Xl - P?/,Xl + P%{l,x3 X P%/,Xz - P?/,XQ
+2 X pxy,x, X Py,xy X Py,x, — 2 X Pxy,X5 X PX0,X5 X PY,X
+ DX X PYxs — Pyxs 2 X Pxuxs X Prix, X PYixs
— 2 X Px,,X, X PX2,X3 X PY, X1 X PV, X5

=2 X px; x5 X Px1,X5 X PY.Xs X PY X5

+2 X px, x5 X py,x, X pY,X3) /

2 2 2 —1
<pX1,X2 + le,Xg + pXQ,Xg - 2 X le,XZ X thX‘S X sz,Xg)

(3)

The following section presents the data mining and its calculations for the
aforementioned case.

Data Mining and Calculations

The data mining followed the steps presented below. In EEG experi-
ments, usually, the end of each recording is filled with a sequence of zeros,
corresponding to the time gap between the EEG machine and the recording
system shutting down. In the pre-processing stage, these sequences of zeros
were cut. To properly apply the DMC? and make valid comparisons between
subjects and experiments, the time series must have approximately the same
length N. This data mining results in 108 subjects, each performing four
tasks, in three consecutive experiments (see Table 1). After, the DMC?
calculation was performed, with all possible combinations between the four
time series (our case of study). Due to the number of subjects, tasks, and
experiments, we have a great number of results, which can be seen initially
by accessing our public repository, through the link:

https://255ribeiro.github.io/Multi_Cross-correlation_EEG/

Basically, we observe the value of DMC? as a function of n for each subject,
in a given task, by experiments.

For a better understanding of these results, we define a color code to
denote the dependent variable used in the applied channels: Fj (blue), Fg
(yellow), Ps (red), and Py (green) (see Fig. 1). Table 2 summarize this color
code, relating to the channel as the dependent variable (Y) and the ones

6
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Table 2: The Y[Channel] (dependent variable) is represented by a specific color that will
be implemented in all figures with the DCCA multiple cross-correlation coefficient.

Color Y[Channel] X[Channell,Channel2,Channel3]

BBEEN Y[/ X[Fo,P3,Fs)

Yellow  Y[Fy] X|Fy, Py, Py
B (7 X[F3,Fs, )
= R X[Fy,Fy,Py]

used as the independent variables (X). As an example of this application,
we randomly selected the S014 subject, to present the first results. Fig. 2
shown the value of DMC? x n for S014 subject carrying out the task 2,
that is, Imaginary (Left/Righ) motor activity with: 04, 08, 12 experiments,
and the mean value. In this case, the F5 channel as a Y variable, had the
highest DCCA multiple cross-correlation value, corroborating with [3] for
auto-correlation analysis. The complete analysis of the results and their
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Figure 2: DMC? as a function of time scale n. These are the results for S014 subject
recordings for task 2, presenting experiments 04, 08, and 12 (Table 1) and the mean values
for these experiments. The vertical line represents n = 67, and QoD is the total amount
of time scales involved in DM C? calculations.

discussion will be presented below, in the Section 3.

7
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3. Results and Discussion

As a better way to compare the stimuli in response to the motor activities,

we choose a sample of five randomly subjects: S014, S036, S039, S078, and
S099. Therefore, with the mean value of DMC? as a function of n, the initial
results are presented as listed below:

— S014 in Fig. 3;
— S036 in Fig. 4;
— S039 in Fig. 5;
— S078 in Fig. 6;

— 8099 in Fig. 7.
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Figure 3: Mean values of DMC2 x n for all tasks: Left/Right (Imaginary), Left/Right
(Real), Top/Down (Imaginary), and Top/Down (Real) for S014 subject.

The F3 channel as a Y variable, has in general the greatest values for
(DMC?), and the task Top/Down Real and Imaginary are very similar.
Also, the Fig. 4 shows that the channel Fj with the greatest DCCA multiple
cross-correlation values, if compared with the channels Fg, P3, and FPs. In this
case, S036 subject present a distinct behavior in relation to the S014 subject.
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Figure 4: Mean values of DMC? x n for all tasks: Left/Right (Imaginary), Left/Right
(Real), Top/Down (Imaginary), and Top/Down (Real) for S036 subject.
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Figure 5: Mean values of DMC?2 x n for all tasks: Left/Right (Imaginary), Left/Right
(Real), Top/Down (Imaginary), and Top/Down (Real) for S039 subject.

The Fig. 5, for the S039 subject, show that for small time scale, n < 10, the
parietal channels, P3 and Py, as a Y variable have values for (DMC?) higher
if compared to the front channels, F5 and Fg. The results presented in the
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Figure 6: Mean values of DMC? x n for all tasks: Left/Right (Imaginary), Left/Right
(Real), Top/Down (Imaginary), and Top/Down (Real) for S078 subject.

Fig. 6, the values of (DMC?) are very similar for all tasks, with its values
increasing until n = 67. Finishing this small sample, in the Fig. 7 we present
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Figure 7: Mean values of DMC2 x n for all tasks: Left/Right (Imaginary), Left/Right
(Real), Top/Down (Imaginary), and Top/Down (Real) for S099 subject.

the results for S099 subject. In this figure it is clear that this subject has a
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global behavior, in terms of (DMC?), different from the previous subjects,
thus identifying a possible signature in the EEG stimulus/response measure-
ment, when performing these four tasks (Real/Imaginary or Top/Down).

Next, for a complete visualization of this motor activity (Real/Imaginary)
which confirms our assumptions, we created one on-line public repository
with (DMC?) for all subjects (with figures and videos), available at this
link:

https://255ribeiro.github.io/Multi_Cross-correlation_EEG/web_
report/web_site/subject_mean.html

Our public repository is very complete, for example, we can also see the
difference between the Real /Imaginary task in terms of the DCCA multiple
cross-correlation coefficient, for each subject j, that is:

dsz(l - r)j (n) = <DMC:12c z’magmary>]‘ (n> - <DMCa2c real>]’ (TL) (4>

To visualize the difference between real actions and imagining the same
action, a set of graphics was developed where the imaginary task of a top-
down and left-right (DMC? action are subtracted from the real

value of the same action for every subject j (Eq. 4). See this description at
the link:

imaginary >j

https://25bribeiro.github.io/Multi_Cross-correlation_EEG/web_
report/web_site/diff_ir.html

The values of dif f(i — r); are small, denoting that, the application of the
DMC? is equivalent for imaginary and real case, mainly for n < 67. Fol-
lowing our analyses, we also calculated the global mean for DCCA multiple
cross-correlation, with 108 subjects:

108

(DAICE) () = 1o >~ (DMC2), (n) (5)

See Fig. 8, were (DMC?) is plotting as a function of n. In this figure we
can see no appreciable differences between these four tasks (Left/Right and
Real/Imaginary). The channel F3 (Y) (blue circles), presents the greatest
value for DCCA multiple cross-correlation coefficient, mainly around n =
67 or 0.42s (~ 2.38Hz). It is known that, the most characteristic signals
observed on EEG signal are between 1 and 20 Hz.
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Figure 8: DMC? x n global mean for all Subjects and task (Left/Right and
Real /Imaginary).

To investigate the dispersion in global mean, the standard deviation sd
of (DMC?) for all 108 subject was calculated. The results are shown in the
Fig. 9. It can be seen that the sd is maximum for the channel Fy (yellow
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Figure 9: sd (standard deviation) of (DMC2) for all Subjects and task.

circles), more noticeable on time scales smaller than n = 67 (minimum value).
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The value of (DMC?) is of great importance, because we have it calcu-
lated for a great set of subjects. Thus, we can assess how much each subject
(7) deviates in relation to this global value, highlighting your individual pat-
tern in relation to the aforementioned value, that is, through the equation

diff; (n) = (DMC3) (n) = (DMCZ) (n) (6)
To corroborate with this calculation, a complete collection of figures contain-

ing the differences between each subject () and its global mean are available
at the link:

https://25bribeiro.github.io/Multi_Cross-correlation_EEG/web_
report/web_site/diff_mean.html

Looking at the dif f; (n), we clearly see individual patterns, that can be
compared with the global mean pattern (now our reference), in the sense
for example, to identify in this subject neurological abnormalities in this
stimulus/response motor activity. Another way to identify individual pat-
terns based on an average value, can be through by the mean square error
function, M SE, therefore, for each subject j this function can be written by:

QoD 9
MSBG) = o5 3 ((DMC2) ) - DI ) 7)

Where QoD is the total amount of time scales used (QoD = 42 in this paper,
see insert in the Fig. 2 as an example). The results for M SE(j) per channel
(F3, Fg, P, and Ps) and task can be seeing in the Figs. 10, 11, 12, and 13.

These figures show how much each subject deviate about the global mean,
by channel and task. In this sense, those subjects with the highest MSFE
values are those who deserve a more detailed study.

4. Conclusion

This paper proposes one statistical tool to study EEG signals in a mo-
tor activity, with the application of the DCCA multiple cross-correlation
coefficient taking into account a complete set of 108 subjects in four tasks
(Real/Imaginary). In this case, the international 10 — 10 system was used
and four specific channels were selected (F3, Fs, P3, and Ps). As a result, the
DCCA multiple cross-correlation coefficient identified that, there is a single
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signature for each subject and this visual stimulus/response presents a par-
ticular behavior as a fingerprint. Globally for these 108 subject, there is no
significant difference between the imaginary and the real task. The frontal
channels (F3 and Fg) commonly had greater DCCA multiple cross-correlation
values than the parietal ones (P; and Fy), especially for time scales around
n = 66 (0.42s or 2.38 Hz) where there is a smaller standard deviations. Fi-
nally, according with our results, the proposal of study multiple time series
at the same time using the DCCA detrended multiple cross-correlation coef-
ficient is feasible and robust for EEG analysis. The advantage of this method
in relation to the others, in frequency domain, is that DMC? works directly
in time-scale. This new coefficient is robust to analyze non-stationary time-
series in multiple EEG channels. We have as a novelty the quantification of
the multiple cross-correlations of each subject for a large range of time-scales,
in a significant sample. As a final result, we obtained a global mean and the
individual differences, as well the mean squared errors for each subject (listed
in this paper as figures for each channel). This study probably will be the
kick-off of a new approach to analyzing multiple cross-correlations in EEG
signals.
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Figure 10: M SE for the channel Fj.
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Capitulo Trés coefficients

3.2 Artigo 02: A Python/Zig optimized and customizable im-
plementation for Ppccs and DMC?  coefficients

“Just remember, once you're over the hill
you begin to pick up speed.”

(Charles M. Schulz)

O artigo A Python/Zig optimized and customizable implementation for Ppcca and DM C?
coefficients esta sendo revisado com o objetivo de ser publicado na revista Journal of Sta-
tistical Software. Apresenta um pacote Python com métodos de calculo das fungoes DF' A e
DCC Ae dos coeficientes Ppcca e DMC? . Os célculos mais custosos foram implementa-
dos em programacao de nivel mais baixo, utilizando uma linguagem de sistemas, nova e
promissora, chamada Zig (https://ziglang.org/). A escolha da linguagem Zig se deu por

varios motivos:

e Por ser uma linguagem de baixo nivel, obtendo velocidades de processamento com-
pativeis com C' e Fortran (KACS et al., 2024; KACS; BROWN; LEE, 2024).

e Possui compatibilidade com C' e C'++, podendo incorporar bibliotecas.

e Possui uma sintaxe moderna e elegante para tratar problemas de baixo nivel.

Tem um eficiente sistema de cross-compilation.

O aspecto das cross-compilation foi um dos mais considerados na escolha da linguagem. A
manuten¢ao de uma biblioteca por um pequeno grupo de pessoas possui diversos desafios.
A capacidade de fornecer programas compilados para diversos sistemas operacionais e
arquiteturas de processadores é uma etapa crucial para a popularizacao de um pacote. A
possibilidade de se gerar os executaveis desta biblioteca em um tnico computador pessoal

pareceu uma opcao vantajosa.

O software de célculo de dinamica de fluidos computacional AeroSim (https://aerosim.io/
) apresenta desempenho e precisao nos seus calculos (ROMANUS et al., 2023; LUGARINT;
ROMANUS; JUNIOR, 2024) ¢ parcialmente implementado em Zig e serviu de incentivo
a esta adocao.

Parte da otimizacao segue a implementagdo de Hartmann et al. (2013) para o DF'A,
transposta para o DCCA e Ppcca por Kaposzta et al. (2022). Onde, durante o célculo
da interpolagao da reta de tendéncia, na primeira caixa de cada séries, pelo método

dos minimos quadrados, valores sao gravados em varidveis que podem tornar o loop de
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Capitulo Trés coefficients

Algoritmo 3 Detrended Saved

4.a

4.b

4.d

Calculando o Detrended Value: Para cada série X/ (incluindo a varidvel dependente)
onde 1 > j > m, sendo m o numero de séries temporais; para cada escala temporal, em
cada caixa i, calcula-se o valor de DVk{i = (X,z’i — XJ};) e armazena-se em uma matriz.
A matrix tem por dimensodes m,n + 1, onde cada linha corresponde a uma série temporal
e as colunas correspondem ao nimero de pontos em cada caixa.

Calculo da fungao f127 r4 Para cada caixa: Calcula-se o valor do DFA :

2 N1 i+n Jly2.
fopa(n,i) = T+n k:i(Dsz,i) )
Calculo da fungao f12)CC 4 em cada caixa: com a matriz DV devidamente preenchida,
para uma das N —n caixas de uma mesma escala temporal a funcao é calculada para todas
as combinagoes de séries temporais duas a duas por:

. , . )
Fhoca(ni) = oz SR (DV) x (DV)

Retomando o algoritimo padrao: Apéds o calculo de todas as caixas, aplica-se o passo
5do DFA e DCCA.

somatoérios dos valores utilizados no calculo dos coeficientes da equacgao da reta sao ar-

mazenados em variaveis. Para a caixa seguinte, o loop é substituido por operagoes de

subtracao e adicao.

A Equagao 3.2, mostra que o valor da soma das coordenadas no eixo das abscissas de uma

caixa pode ser substituido pelo somatorio total na caixa anterior menos o primeiro valor

de abscissa da caixa anterior, somado ao ultimo valor de z para a caixa atual. Raciocinio

analogo pode ser aplicado as Equacoes 3.3, 3.4 e 3.5.

i+n (i+n)—1

Vi<i<(N-n), Y To=| > T;| = T1si + Tipw (3.2)
k=i j=i—1
i+n (i4+n)—1

Vi<i<(N-n), Y Tg=| > 17| - 17, + T2, (3.3)
k=i j=i—1
i+n (i+n)—1

VI<i<(N-n), Y Se=| Y S| = Sict + Sin (3.4)
k=i j=i—1
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+n (i+n)—1

V1<i<(N-n), > (SixTe)=| Y. (S;xTy) | =(Sici xTimt)+(Sisn X Tin) (3.5)
k=i j=i—1

Quando se pensa no cdlculo do DM C? | e em como otimiza-lo, deve-se pensar em multiplos
calculos de Ppcca, para a criacao da matriz apresentada na Equacao 2.8. A ideia é

substituir o passo 4 do Algoritmo 2 pelos passos descritos no Algoritmo 3.

Essa pequena mudanca, embora possa até aumentar o tempo de processamento para um
pequeno numero de séries temporais, demonstra-se muito vantajoso quanto maior for o

numero de séries cujo coeficiente Ppcca  precisa ser calculado.

4!

AN 3.6
2% (j—2)! (36)
Na biblioteca Zebende é possivel implementar outras versoes do codigo para o calculo
do Ppcca com poucas séries temporais. Mas é preciso entender em que ponto o Algo-
ritmo 3 passa a ser vantajoso. Caso o DV nao seja armazenado, o nimero de vezes que
ele tem que ser calculado é de duas vezes o niimero de combinagoes duas a duas para j

séries (Equagao 3.6) e o tempo gasto para calcular o DV depende do tamanho das séries.

Vale também ressaltar que as otimizagoes baseadas no salvamento dos parametros do
método dos minimos quadrados pode ser adaptado para diversos graus do polinomio da

tendéncia, mas nao pode se adaptar a caixas nao sobrepostas.

Como apresentado na Sessao2.3 do Capitulo 2, alguns autores ainda advogam pela nao
sobreposicao das caixas (ZHOU, 2008), nestes casos, o armazenamento dos parametros
para o céalculo dos minimos quadrados nao funcionaria. Por outro lado, para uma grande
quantidade de séries temporais o Algoritimo 3, Detrended Saved, funcionaria também no

cenario de caixas nao sobrepostas.

Além da otimizagao, o artigo apresenta o modo de uso da biblioteca e algumas das funcoes
auxiliares ja implementadas. As equagoes destacadas nas Sessoes 2.3 e 2.4 do Capitulo 2

estao entre as proximas adicoes ao pacote.

O cdédigo fonte da biblioteca Zebende esta disponivel em (https://github.com/255ribeiro/
zebende).
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A Python/Zig optimized and customizable
implementation for ppcca and DM C’g coefficients

Fernando Ferraz Ribeiro Gilney Figueira Zebende
Federal University of Bahia State University
of Feira de Santana

Abstract

This paper presents Zebende, a Python package written in Python and Zig, that cal-
culates the DFA, DCCA functions, and ppcca and DMC? coefficients, along with
auxiliary functions to help the calculations process. The package presents an optimized
algorithm that significantly improves the calculations speed in large datasets. Zebende is
the first package that implements the DM C? and can be applied to any number of time
series. The optimized version of the algorithm is compared to the standard implementa-
tion, presenting valuable performance increase. A comparison with other Python and R
packages that calculates the ppcca is also presented.
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1. introduction

The Detrended Cross-Correlation Coefficient (ppcca) (Zebende 2011) is a widely used coef-
ficient that measures the cross-correlation between two non-stationary time series. ppcoca is
an extension of the Detrended Fluctuation Analysis (DF A) (Peng, Buldyrev, Havlin, Simons,
Stanley, and Goldberger 1994) and the Detrended Cross-correlation Analysis (DCC A) (Podob-
nik and Stanley 2008): while the DF'A calculates the self-affinity and long-memory properties
of a time series data, and the DCCA analyses power-law cross correlations between two dif-
ferent non-stationary time series, the ppccoa coefficient quantifies this cross-correlation in
simple values ranging from —1 to 1, where —1 indicates a perfect anti-correlation between
the series, 1 a perfect correlation and zero (0) no correlation at all.

The method was statistically validated (Podobnik, Jiang, Zhou, and Stanley 2011), applied to
climate data Vassoler and Zebende (2012), financial data(Wang, Xie, Chen, Yang, and Yang
2013; Guedes, Dionisio, Ferreira, and Zebende 2017; Ferreira, Dionisio, Guedes, and Zebende
2018), electroencephalogram recorded data (Filho, Ribeiro, Cruz, De Castro, and Zebende
2023), among others. Statistical criteria for evaluating the relevance of the results were also
developed Guedes, Brito, Oliveira Filho, Fernandez, de Castro, da Silva Filho, and Zebende
(2018a,b).

The Detrended Multiple Cross-Correlation Coefficient (Zebende and Silva 2018) (DM C?) is
a generalization of the ppcoca coefficient that correlates one time series (dependent variable)
a number of time series (independent variables). The DMC? values ranges from zero (0),
indicating no multiple cross-correlation to 1, meaning perfect multiple cross-correlation.
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2 Python/Zig implementation for the ppcca and DMC?

The coefficient has been applied to study meteorological data (Brito, Araujo, and Zebende
2019), have been tested statistically (da Silva Filho, Zebende, de Castro, and Guedes 2021),
used with the implementation of sliding windows (Guedes, da Silva Filho, and Zebende 2021),
to measure the contagion effect on stock market indexes (Guedes, de Castro, da Silva Filho,
and Zebende 2022), to produce statistical analysis between stock market behavior (Zebende,
Aguiar, Ferreira, and Guedes 2022) or analyze electroencephalogram (EEG) signals (Ribeiro,
de Almeida Brito, Filho, Cruz, and Zebende 2025).

This paper presents the Zebende Python package, an implementation of the DFA, DCCA,
ppccca, DMC? and utility functions related to the methods. In section 2 the steps for
calculating the ppcca and DMC? are presented and discussed. Section 3 shows how this
library was implemented, the optimization technics and the recommended steps to use the
library. In Section 4 the Zebende package is compared with other packages for Python and R
that calculates the ppoca in terms of performance and usability, leading to the conclusions
in Section 5.

2. Algorithms of the coefficients

The algorithms that calculates the ppoca uses the DF A and the DCC A steps. The DM C?
coeflicient uses the ppcoca coefficient and, consequently, also embraces the DF A and the
DCCA. The DF A method is described in six steps:

1. Taking a time series {z;} with ¢ ranging from 1 to N, the integrated series X} is
calculated by Xj, = 32 | [z; — (z)] with k also ranging from 1 to N (time series length);

2. the X}, series is divided in N —n boxes of size n(time scale), each box containing n + 1
values, starting in ¢ up to i + n;

3. for each box, a polynomial (usually of degree 1) best fit is calculated, getting )Z';” with
i <k < (i+n);

4. in each box is calculated: f3 5 4(n,i) = IJ%L Z?;’;(X;“ — )Z';”)2

5. for all the boxes of a time scale, the DF A is calculated as:

Fora(n) = /x5 SN0 fhpa(n,i);

6. for a number of different timescales (n), with possible values 4 < n < % the Fpra
function is calculated to find a relation among Fppra X n

The DCC' A method is very similar to the DF' A calculations, with the difference of analyzing
two series while the DF A evaluate properties of a single time series. It’s also a six steps
process:

1. Taking two time series of the same length {:Uf 1} and {xf} with 4 ranging from 1 to
N, the integrated series X oy, and X, are calculated by Xj, = 3% | [z; — (x)] for each
series, with k also ranging from i to N;

2. The series X,Zl and X,ZQ are divided into N — n boxes of size n (time scale), each box
containing n 4+ 1 values, starting from 4 to i 4+ n;
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3. For each box, a polynomial (usually of degree 1) is fitted, obtaining Xt ki and X2 ks
for series {1:{1} and {:vf} respectively, with i < k < (i 4+ n);

4. For each box, one of the N — n boxes of the same temporal scale, the function is
calculated by:

. . il o i2 A
Fhoca(n:i) = o S (X — X0) x (X35 — X92,)

5. For all boxes of the same temporal scale, the DCCA is calculated as:
Fpcea(n) = x5 S0 fhoca(nii);

6. For a number of temporal scales (n), with possible values 4 < n < %, the DCCA is
calculated to find a relationship between Fpocoa X n

Comparing the algorithms, the first three are basically identical, the only difference is that the
DCC A method apply those steps to two series. The step four of the DF' A can be considered
an analogous of the variance, replacing the average subtraction (in the variance) for the values
obtained by the polynomial fit (estimated series); and the equivalent step of the DCCA is, in
the same terms, compared to the covariance between the two series. The technique of fitting
a curve, interpreted as a trend inside each box, and subtracting the value estimated by the
trend from the actual value in the integrated series (X — Xj) from now on will be called
detrended values(DV). In the DF A algorithm, the f3, ,(n,i) function is the mean of the
square of the DV, in DCC A calculations, the f%,.4(n, i) function evaluates the mean of the
product of the DV of the two series in each box.

Step five of the DF A calculates the square root of the mean of the values calculates in the
previous step for each box, in the DCC A, the mean of the values evaluated for each box is
calculated in stead. The last step, in both cases, is more a reminder to repeat the respective
previous operations for a number of difference time scales (n).

The ppcca is measured by Eq. 1. Considering the relation between DF A and variance and
DCCA and covariance, the ppoca resembles Pearson correlation for a time scale n.

_ F%C’CA (zor, zB) (TL)
Fpra (zor) (n) X Fpra (zB) (n)

(1)

ppcca(n)

The DM C? is a generalization of the ppcca that calculates the correlation between one time-
series {Y'}, as the dependent variable, and a number m of time-series { X'}, {X?}, {X3},
..., {X™} defined as independent variables and represented as { X7}, with j ranging from 1
to m. The coefficient is expressed mathematically as:

DMCi = Py, Xi (n)T X P_l(n) X Py, xi (n) (2)

In Eq. 2, p~!(n) represent the inverse of a matrix populated by all possible combinations of
ppcca between independent variables. In Eq. 3, value px1 x2(n), for instance, is the ppcca
for independent variables X' and X? calculated with time scale n, occupying position pio of
the matrix. Two fundamental characteristics: the first is that the main diagonal values are all
ones, since it’s position in the matrix denotes the calculation of a cross-correlation between
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4 Python/Zig implementation for the ppcca and DMC?

a series and itself. Second, the matrix is symmetric in relation to the main diagonal, as the
pPDCC A is a commutative operation.

1 pxixz(n)  pxixs(n) ... pxixm(n)
pX2,X1 (n) 1 pXQ,X3 (Tl/) e pX2,Xm (n)
p(n)= ) ) ) . 3)
pxm x1(n) pxm x2(n) pxmxs(n) ... 1

At last Eq. 4 represent the transposed vector of the py, x,(n) between the depended variable
{Y'} and each {X;} independent variable for a given time scale n.

py xi(n)" = l[py x1(n), py x2(n), - , py.xm(n)] (4)

As the DF A and the DCCA, ppcca and DM C? should be evaluated in a number of time
scales (n) to analyze the characteristics of each coefficient.

3. Zebende package: implementation and optimization

The implementation of the Zebende package follows some well defined goals:

1. Enhance performance;
2. avoid redundant calculations;

3. make the outputs compatibles with other data analyses tools (including data manipu-
lation, machine learn and statistical packages);

4. manage multiple time series inputs;

5. operate the DMC? for any number of series;

6. create a customizable and modular set of tools;
7. facilitate package evolution and maintenance;

8. deliver an easy to use package.

The Python language was chosen because it is one of the most used languages in the data
analyses field and have a great support for statistical tools and machine learning algorithms.
The are a plethora of tools to load and manipulate data (Pandas, Polar, PySpark ...), execute
statistical analyzes (Numpy, SciPy, StatsModels ...), machine learning (Pytorch, TensorFlow,
Scykit Learn ...) and data visualization (Matplotlib, Seaborn, Plotly ...) among other data
related applications.

The first draft of the code was written in pure Python, to rapidly prototype the way users
will interact with the package. Figures 1 and 2 presents simplified flowcharts illustrating how
to use the package and how the main functions (ppcca and DM C?) works.

The preparation steps are the same in both functions. First the data is loaded, and should
be analyzed by the researchers. Based on the data characteristics, the set should be treated
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Figure 1: Calculating ppcca with Zebende package - Simplified flowchart
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Figure 2: Calculating DM C? with Zebende package - Simplified flowchart

to ensure the methods requirements in the "Pre-processing" stage. The package functions
expects data as a matrix with the columns as the series and the lines as time steps. Columns
unwanted in the indented research should also be dropped for better performance of the
algorithms in this step. The more common way to do that is to use a data manipulation
package. To proceed to the next step, the data table should be in the form of a Numpy
2D array. Any data manipulation Python package can export a table as a Numpy array.
The next step is to calculate the integrated series. The package provides a function, named
integrated_series(), to calculate that. The code example below show how to load the
libraries (using Pandas as the data manipulation packages and loading a .csv file as a generic
example), convert to Numpy array and generate the integrated series.

# importing packages
import numpy as np

import pandas as pd
import zebende as zb

data = pd.read_csv('path_to_the_file.csv') # loading data

# Pre-processing data

# ...

data = data.to_numpy(data) #converting data to Numpy array

int_data = zb.integrated_series(data) # calculating the integrated series

The option of taking out the integrated series generation from the main methods (p_dcca()
and dmcx2()) to an independent one was inspired by Peng et al. (1994) work, where the way
of calculating integrated series was different from the one that is widely used in more recent
years. The integration of the series is essentially a pre-processing step, and this approach
makes easy to explore alternative ways to integrate the series or compare Peng et al. (1994)
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6 Python/Zig implementation for the ppcca and DMC?

approach to the current most used one in different scenarios, or even embrace new proposals
for the series integrating step.

The input and output structures of each function are displayed below:

def p_dcca(
input_data: NDArray[float64],
tws: NDArray[int64] | NDArray[float64],
DCCA_of: ndarray | Literal['all'] = "all",
P_DCCA_output_matrix: bool = False
) —-> tuple[NDArray[float64], # DFA
NDArray[float64], # DCCA
NDArray[float64] # P_DCCA
]

def dmcx2(
input_data: NDArray[float64],
tws: NDArray[int64] | NDArray[float64],
dmcx2_of: ENUM_DMCx2_of | NDArray[float64] | list = 'all-full'
) -> tuple[ NDArray[float64], # DFA
NDArray[float64], # DCCA
NDArray[float64], # P_DCCA
NDArray[float64], # DMC
]

The first two inputs are the same for functions p_dcca() and dmcx2(): input_data receive
the integrated series and the tws receives an 1D array representing the time scales (box size)
described in the algorithms on Section 2. The input_data is a 2D array of 64 bits floating
point data. The tws accepts integers and, for convenience reasons, also floating points. Since
the size of the boxes needs to be integers, in case of floating points, the values will be converted
to integers by ignoring the decimal values (truncating). This two inputs are colored in light
gray in Figures 1 and 2, indicating mandatory inputs.

With the mandatory steps explained, some very important optional inputs should be ad-
dressed. Starting with the ppcca function (dark green node in Figure 2) represents the input
DCCA_of of the function. This input requires a 2D array of integers, each row is a pair of
index, related to the data_input matrix. For example: if the input_data receives a four
columns matrix, with index ranging from 0 to 3, that is intended to calculate de DF' A for
all the series but the ppcca between series of index 0 and 1 and also for series 2 and 3, the
DCCA_of input should receive the array [[0,1], [2,3]]. If no value (or the string 'all')
is given, the function will calculate all possible combinations of DCC'A calculations between
all the series respecting the index values order, as below:

tfo,11, fo,2], [o0,3], [1,2], [1,3], [2,3]]

3.1. Implementation of the Detrended Cross-correlation Coefficient function

Is very important to understand the calculation steps, the role of the DCCA_of array and how
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it fits in the goals of the package implementation. The code below is part of the pure Python
implementation of the ppcca function,

for n_index, n in enumerate(tws): # for each time scale
# temporaty allocation arrays
f2dfa_n = np.full(shape=(data.shape[0] - n, data.shapel[l]),
fill_value=np.nan, dtype=data.dtype)
dcca_n = np.full(shape=(data.shape[0] - n, DCCA_of.shape[0]),
fill_value=np.nan, dtype=data.dtype)
detrended_mat = np.full(shape=(n + 1, data.shape[1]),
fill_value=np.nan, dtype=data.dtype)
for i in range(data.shape[0] - n): # for each box
detrended_series( # inputs
time_steps[i : 1 + (n + 1)], # arr_x
datafi : i + (m + 1), :], # mat_y
detrended_mat, # output
)
f2dfa_n[i] = np.power(detrended_mat, 2).mean(axis=0)
for j, pair in enumerate(DCCA_of): # for each DCCA pair
dcca_n[i, j] = (detrended_mat[:, pair[0]] * detrended_mat[:, pair[1]]
) .mean(axis=0)
F_DFA_arr[n_index, :] = np.sqrt(f2dfa_n.mean(axis=0))
DCCA_arr[n_index, :] = dcca_n.mean(axis=0)
# calculation of P_DCCA
P_DCCA_output_function(n_index, DCCA_of, F_DFA_arr, DCCA_arr, # Inputs
P_DCCA_arr) # Output

The first for loop in the code operates over the values of the tws input, ensuring that step
6 of the DFFA and DCC A methods, presented in Section 2, is being carried out. In other
words, the calculations will be applied, sequentially, to every single value in the tws array.
Three temporary arrays are allocated and resized for each time scale. The first, £2dfa_n, is
used to store the calculations of the step 4 of the DFA (f%54). The number of lines of this
array correspond to the number of boxes in the current time scale (N — n, resized for each
time scale n) and the columns is the number of series in the analysis (same size for every value
of n). Second, the array dcca_n holds the values calculated in the step 4 of the DCCA (to
calculate f3c4(n,)). The number of lines also correspond to the number of boxes(resized
for each n) but the number of columns equals the number of pairs (rows) in the DCCA_of
input (same size in each n). The detrended_mat array has a number of lines equal to the
number of points in a time scale box (n + 1, resized for each n) and column count also equal
to the number of time series (same size in each n). The first two temporary arrays will store
data for all the boxes in the time scale, the last one will be used in each box and will have
the values replaced in the next one, until the last box of the time scale. Than all the arrays
will be cleared and recreated with shapes calculated with the new value of n.

After the allocation of the temporary arrays, the second for loop operates in every box for
a certain time scale n. In each box, the detrended_series() function execute a one degree
polynomial fit, subtract the values of the series with the value given by the interpolated
curve(DV) and stores this values in the detrended_mat. After that, the mean of the
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8 Python/Zig implementation for the ppcca and DMC?

square of each DV in the box (f3;4(n,i)) is calculated in the current box for every time
series and stored in the f2dfa_n array in the line associated with the current box, and the
column related to each time series.

The next nested for loop operates over the DCCA_of array. For each line (pair) in the DCCA_of
array, the f%oc 4(n, 1) is evaluated by multiplying the corresponding DV from the two series
boxes in the current pair, getting the mean, and stores it in the dcca_n temporary array.

After all the pairs are calculated, the algorithm goes back to the each box for loop and head
to the next box for the current time scale. when all the all the boxes are calculated, the
final results for the DFA, DCCA and ppcca are evaluated and saved in the output vectors
F_DFA_arr, DCCA_arr and P_DCCA_arr respectively.

The function named P_DCCA_output_function() in the code above,is a pointer to other
functions. One that outputs the ppcca results in the form of a table (rows for each time
scale and columns for each DCCA_of pair) and the other outputs it the form of a 3D ma-
trix, where each level is the matrix in Equation 3 for one of the time scales. This behav-
ior is driven by the P_DCCA_output_matrix input (represented as the light green node in
Figure 1), where False means table output and True matrix output. This is very con-
venient for calculating the DMC?. There are two utility functions to transform a ta-
ble output in a matrix one (p_dcca_simple_to_matrix()) and also the other way around
(p_dcca_matrix_to_simple()).

3.2. Implementation of the Detrended Multiple Cross-correlation Coeffi-
cient function

The dmcx2() function runs the p_dcca() with P_DCCA_output_matrix set to True in the
background. There is no DCCA_of input for the DM C? function, instead there is a dmcx2_of
parameter. This input receives a 2D matrix where each line represents the indexes of the series
to be used in Equation 2. For each row, the first elements is the index of the series used as the
dependent variable, the others, the index of the independent ones. There are two literal strings
that can be used, for convenience as inputs for this parameter: 'all-full', that generates a
2D array with every series as the dependent variable against all the others; and 'first-full',
with only one row, having the index zero series as the dependent variable in relation with
all the others. The 'all-full' option is conducted by calling dmc_of_all_as_y(), also
available as a utility function.

With a given dmcx2_of an array with all the necessary pairs for the DCCA and ppcca
is automatically generated and used for the background p_dcca() function to calculate da
matrix as in Eq. 3. The dcca_of _from_dmcx2_of (), also can be used as an utility function,
receives the dmcx2_of as input and returns the dcca_of array. With the matrix ppcca
assembled, two internal functions, that can also be used as utility functions, calculates the
DM¢2 for all the lines in the dmcx2_of matrix, for all the time scales. The first function,
dmcx2_from_p_dcca_matrix(), that receives the ppoca and the dmex2_of array, is presented
in the code below.

def dmcx2_from_p_dcca_matrix(P_DCCA_arr: NDArray[np.float64],
dmcx2_of: NDArray[np.float64]) -> NDArray[np.float64]:
# DMCx2 output matrix
DMCx2_arr = np.full(shape=(P_DCCA_arr.shape[2], dmcx2_of.shapel[0]),
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f£ill_value=np.nan, dtype=P_DCCA_arr.dtype)

for n_index in range(P_DCCA_arr.shape[2]):
P DCCA_arr 2D = P_DCCA_arr[:, :, n_index]
for j, dmcx2_of_1D in enumerate(dmcx2_of):
DMCx2_arr[n_index, j] = dmcx2_from_p_dcca_matrix_2d(P_DCCA_arr_2D,
dmcx2_of_1D)
return DMCx2_arr

The dmcx2_from_p_dcca_matrix() function executes a for loop over the ppcca that sep-
arates the this 3D matrix in to the 2D matrices for each time scale. Nested in this loop,
another for extracts each line of the dmcx2_of and passes, the extracted matrix and the line
vector to the dmcx2_from_p_dcca_matrix_2d(), displayed here.

def dmcx2_from_p_dcca_matrix_2d(P_DCCA_arr_2D: NDArray[np.float64],
dmcx2_of_1D: NDArray[np.float64]) -> NDArray[np.float64]:
y_index = dmcx2_of_1D[0:1]
x_indexes = dmcx2_of_ 1D[1:]

mat_x = P_DCCA_arr_2D[np.ix_(x_indexes, x_indexes)]

P_DCCA_arr_2D[np.ix_(x_indexes, y_index)]

vec_y

return vec_y.T @ np.linalg.inv(mat_x) @ vec_y

The dmcx2_from_p_dcca_matrix_2d() function uses Numpy methods to prepare the data
to apply Eq. 2. The list of indexes is divided in y_index, holding an one item array whit
the index of the dependent variable time series, and x_indexes, containing the indexes of
the independent ones. The Numpy np.ix_(), although it’s not a very known function of the
library constructs index arrays that will use the cross product from a series of 1D arrays as
inputs. It’s a very convenient way to extract a sub matrix and a vector from the ppcc 4 matrix.
The matrix, as assembled by the p_dcca() function, will always need to have extractions of
a 2D matrix and a vector, as we can see in Eq. 2. The code below is an example of the
extraction process.

import numpy as np

arr = np.array([[1,2,3,4],
[2,1,5,6],
[3,5,1,71,
[4,6,7,111)

print(arr)

[[1 2 3 4]
[2 15 6]
[351 7]
[4 67 1]]
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10 Python/Zig implementation for the ppcca and DMC?

An illustrative arr matrix is defined as 4 x 4 with all ones in the main diagonal and symmetric
integer values in the other cells. Since the ppcca ranges from —1 to 1, those values should
be interpreted as place holders.

sub_mat_index = np.ix_([1,2,3], [1,2,3])
print ("index combination:\n", sub_mat_index)
print ("extracted matrix:\n",arr[sub_mat_index])

index combination:
(array([[1],
(2],
[3]11), array([[1, 2, 311))
extracted matrix:
[[1 5 6]
[6 1 7]
6 7 11]

Above, a sub matrix, holding the positions 1 to 3 is extracted using np.ix_() function, and
below, the extraction of the vector, first as a line and then as a column vector.

sub_mat_vec = np.ix_([0], [1,2,3])
print("line vector:\n", arr[sub_mat_vec])
sub_mat_vec = np.ix_([1,2,3],[0])

print ("column vector:\n", arr[sub_mat_vec])

line vector:

[[2 3 4]]
column vector:
[[2]

[3]

[41]

In the Zebende package, the vector is extracted as a column for better coherence with the
DMC? theory. The method also works for dependent variable different of index 0. The
resulting matrix will preserve the diagonal as 1, the symmetry regarding the main diagonal
and the order of elements in the column vector respected. the code below extract the index
1 series as the dependent and the others as independent.

sub_mat_index = np.ix_([0,2,3], [0,2,3])
print("index combination:\n", sub_mat_index)
print ("extracted matrix:\n",arr[sub_mat_index])
sub_mat_vec = np.ix_([0,2,3],[1])

print ("column vector:\n", arr[sub_mat_vec])

index combination:

(array([[0],
[2] 3
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[311), array([[0, 2, 311))
extracted matrix:
[[1 3 4]
[3 1 7]
[4 7 111
column vector:
[[2]
[5]
(611

The idea of separating the calculations of the pDCC A calculations in three distinct functions
aims to different workflows. The dmcx2 () function calculates and outputs all the prerequisites,
asthe DFA, DCCA, ppcca along with the DM C?2. This is the most practical way of getting
all this calculations conducted. But the task can also be divided in two: first use the p_dcca()
function to generate DF' A, DCCA, ppcca outputs, analyze the outputs and then get the
D]WC?j using dmcx2_from_p_dcca_matrix().

Function dmcx2_from_p_dcca_matrix_2d() can be used to more customizable applications.
Imagine a use case where only the ppcca anti-correlation, inside a certain range, in relation
to the dependent variable, with the dmcx2_0f set to all-full. From previous ppcca studies
is known that this coefficient can vary from positive to negative and vice versa in different
time scales. This implies that the ppcca matrix should be analyzed in every time scale
from every line of the dmcx2_of, also implies that the dmcx2_of may not be a matrix in the
since that the rows may have different. The Numpy ND Array could not hold that. Many
different workarounds could be proposed for that situation. In the implementation of this
package, function dmcx2_from_p_dcca_matrix_2d() allow the user to make a custom code
that extracts the ppoca matrix for the current time scale and extracts the elements that fit
the rules from each dmcx2_of row.

3.3. Zig implementation

The Python implementation successfully reflects the implementation goals presented in Sec. 3
but the performance could benefit with the integration of a low-level language. Zig was
chosen to enhance the algorithms performance. It is a low-level language that gain popularity
in recent years and provides performance similar to C and Fortran in some scenarios (Kacs,
Lee, Zarins, and Brown 2024).

The interest in using Zlg language for this project also relies on the cross-compiling capabilities
of the Zig compiler. For a small research group maintaining a package could be challenging
and the ability to to compile all releases for all platforms in a single machine is a great
advantage. The Zig compiler can generate binaries for Windows, Linux and MacOS from a
single machine. The Zig compiler is also very fast, and the language is very easy to learn,
with a syntax that is very similar to C.

The implementation focus on writing technics ppoca function in Zig exposed as a C Ap-
plication Binary Interface (ABI), called by Python using the ctypes package. The ppcca
function is the most computational expensive part of the package, and the performance gain
was expected to be significant.

The output arrays are allocated in the Python side and passed as pointers to the Zig function
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12 Python/Zig implementation for the ppcca and DMC?

together with the series matrix, tws and DCCA_of arrays. The Zig function receives the
pointers and the size of the arrays as inputs, and the results are stored in the same memory
space. Before passing to Zig must be assured that the arrays are contiguous, using the
np.ascontiguousarray() function. The boolean parameter P_dcca_matrix_output is also
passed to the Zig function, to determine if the output of the ppcca should be a table or a
matrix.

The Zig implementation follows the same steps as the Python one, but repspecting languages
differences. In Python, using Numpy, all the time series calculations occur in the same line
of code, using the Numpy broadcasting capabilities. In Zig, the calculations are made in a
nested for loop.

3.4. Algorithm optimization

Although the Zig implementation presents a significant performance gain, the algorithm still
can be optimized. The strategy is to focus on avoiding repeated calculations in the process.
The code below shows the calculations of the polynomial fit before the optimization.

pub fn 1lin_1s_fit(win: []£64, time: []1f64) [2]f64 {
var x_sum: f64 = 0;
var y_sum: f64 = 0;
var xy_sum: f64 = 0;
var x2_sum: f64 = O;
for (win, time) |lw, t| {
X_sum += t;
y_sum += w;
Xy_sum += t * w;
x2_sum += pow(f64, t, 2);
}
const n: f64 = Q@as(f64, @floatFromInt(time.len));
//slope
const slope: f64 = (((n * xy_sum) - (x_sum * y_sum)) /
((n * x2_sum) - (pow(f64, x_sum, 2))));
//inter
const inter: f64 = ((y_sum - (slope * x_sum)) /
m));
//result
return [_]1£f64{ slope, inter };
}

The code above calculates the slope and the intercept of a linear least squares fit. The function
runs on every box for every time scale. In the optimized version, for consecutive boxes, the
value of the sums from the previous box is used to calculate the next one without a loop for
every item in the box. This technic proved to be very efficient in increasing performance. the
expressions below show the effectiveness of the optimized algorithm.

i+n (i+n)-1
V1<i<(N-—n), ZTk: Z T, — Tio1 + Tign (5)
k=i j=i—1
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i+n (i+n)—1
VI<i<(N-n), Y Ti=| > T7| - T2, + Th, (6)
k=i j=i—1
i+n (i+n)—1
V1<i<(N-—n), ZSk: Z Si| — Si-1 + Sign (7)
k=i j=i—1
i+n (i+n)—1
VI<i<(N=n), Y (SexTi)=| > (SjxT5) |~ (Sim1 x Ti=1) + (Sivn X Titn) (8)
k=i j=i—1

The expressions (Eq. 5,Eq. 6, Eq. 7 and Eq.8) showcases how the optimizations can be im-
plemented in the code. Each expression display that the sum of the values in a box can be
calculated using the sum of the previous box and the values of the first and last elements of
the current box. Eq.5 presents the sum of the time stamps values and Eq.6 the sum of the
squares of the time stamps values. This calculations occur once for every box in every time
scale and is stored in variables. Eq.7 and Eq.8 presents the same calculations for the series
values. Storing values for each time series.

Also, to optimize the calculations from one time scale to the next, the first sums for the first
box are saved in a temporary variable. Considering the current time scale as tws_prev and
the consecutive as tws_current. To calculate the current value, the algorithm takes the sums
from the tws_prev and add the values with indexes that exceed the tws_prev size. The code
was also rewritten with structs, to hold the temporary values and the functions for better
readability. The code below shows the optimized version of polynomial fitting calculations.

fn shiftWindow( self: *MainOperator,
n: usize, win_start: usize,
F_DFA_ptr: *allowzero [*c]f64) void {
self.time_window = self.timel[win_start ..]J[ .. (n + 1)];
// print("win_start {}\n", .{win_start});
if (win_start != 0) {
// updating sum_x
self.current.sum_x = self.current.sum_x - self.left_x + self.time_window[n];
// updating sum x"2
self.current.sum_x2 = self.current.sum_x2 -
pow(£64, self.left_x, 2) + pow(f64, self.time_window[n], 2);
// updating y and y*x for every serie
for (self.series, 0..) |serie, sr_index| {
serie.current.sum_y = serie.current.sum_y -
serie.left_y + serie.seriel[win_start + n];

serie.current.sum_xy = serie.current.sum_xy -

(self.left_x * serie.left_y) +
(self.time_window[n] * serie.seriel[win_start + n]);
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14 Python/Zig implementation for the ppcca and DMC?

serie.left_y = serie.seriel[win_start];
self .detrended(serie, win_start, &F_DFA_ptr.*[sr_index]);
}
} else { // win_start ==
self.current.window_len = n + 1;

for (self.previous.window_len..self.current.window_len) [i| {
self .previous.sum_x += self.time_window[i];
self .previous.sum_x2 += pow(f64, self.time_window[i], 2);

for (self.series) |seriel| {
serie.previous.sum_y += serie.seriel[i];
serie.previous.sum_xy += self.time_window[i] * serie.seriel[i];

// updating current sum values
self.current.sum_x = self.previous.sum_x;
self.current.sum_x2 = self.previous.sum_x2;

for (self.series, 0..) |serie, sr_index| {
serie.current.sum_xy = serie.previous.sum_Xxy;
serie.current.sum_y = serie.previous.sum_y;

serie.left_y = serie.serielwin_start];
self .detrended(serie, win_start, &F_DFA_ptr.*[sr_index]);

}
self.left_x = self.time_window[0];

In the code above, the MainOperator is a structure that holds the time series(Y,,), the time
stamps(x), the sums for the time window and for each series and the temporary variables
that holds the first values of the previous box. The shiftWindow() function is a method of
the MainOperator structure. The function receives the size of the box, the index of the first
element of the box, and a pointer to the Fj% 4 array. The function is called for every box in
every time scale. The function is responsible for updating the sums of the time series, the
sums of the DV and the DV matrix.

The if statement in the code above is responsible for updating the sums for the current box.
The first if block is executed for every box except the first one in each time scale, where the
else block is executed instead.

The if block first update the values for the sum of the time stamps (sum_x) and the sum of
the squares of the time stamps (sum_x2). Then, for every series, the sum of the series values

(sum_y) and the sum of the product of the series and the time stamps are updated (sum_xy).
Than the values are passed to the detrended function that calculates The DV and the DF A

for the current box.

99



Fernando Ferraz Ribeiro, Gilney Figueira Zebende

The else block is executed for the first box in each time scale. For consecutive time scales,
the values of the sums are updated using the values of the previous box, looping and adding
only the values in the current box that don’t overlap with the previous one. The detrended
function is also called for every series in the time scale.

The three implementations, pure Python, Zlg and optimized Zig, where tested and the results
are presented in the next section.

4. Results

The algorithm was tested with data and results from the Ribeiro et al. (2025) paper. Details
regarding data preparations can be found in the aforementioned paper. A comprehensive
dataset of EEG recording, with 108 subjects, executing 12 experiments each, with the ppcca
and DMC? calculated for all experiments, using signals from four electrodes with 15742
points. The results were compared with the original ones, and the algorithms where validated.
The original data came from the Schalk, McFarland, Hinterberger, Birbaumer, and Wolpaw
(2004) paper, available on the Physionet open-access website, that can be accessed in this
link:

https://physionet.org/content/eegmmidb/1.0.0/

Regarding performance, the pure Python implementation, the Zig implementation and the
optimized Zig where compared with 3 oder packages that calculates the ppcca. Research-
ing the R CRAN repository, the DFA (Mesquita, Filho, and Danilevicz. 2024), a pure R
implementation, and the DCCA (Prass and Pumi 2020), a R package implemented in Java
where found. From the Python pypi repository, a package also named DCCA (Alchieri, Ab-
dalazim, Alecci, Gashi, Gjoreski, and Santini 2024), a Python implementation with massive
use of Numpy broadcasting capabilities and memory access with strides to avoid loops, was
also used. All those packages have ppcca functions. Hereafter the DCCA R-java package
will be referred as DCCA-R-Java and the DCCA Python package as DCCA-Python for better

distinction.

The dmc? is a more recent coefficient, and no other package was found that calculates it
besides the Zebende package. That alone is a huge contribution of this package. The ppcca
is a fundamental step to calculate the DM C? and contains the most computational expensive
parts. In the DMC? calculation, The ppccoa is calculated for, at least, a combination of 3
series two by two. With the idea to broadly compare the performance of the Zebende package
with the others, aiming an overall order of magnitude of the packages compared speed, using
the same computer and the same time window scales, the performance comparison was made
using data from one of the experiments described in the Schalk et al. (2004) paper, with 19920
lines and 64 channels. For convenience the data was posted in the link below:

https://tinyurl.com/zbtestdatall

None of the comparison packages can calculate multiple series comparison in the same input,
so the ppcca methods where wrapped around a loop that alternate the series used by the
function, using a four two by two combination of the data indexes. The DCCA-Python
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16 Python/Zig implementation for the ppcca and DMC?

package also didn’t accepts multiple inputs for the time scale, so another loop was added in
that test.

First all the packages were used to calculate the ppcca of combinations of four time series.
The results are presented in the Table 1.

Table 1: Elapsed Time Comparison with four series

Package Implementation Elapsed Time(s) Performance Increase
Zebende Zig (opt) 35.88 -
Zebende Zig (basic) 59.74 66.50%
DCCA Python 447.67 1,147.69%
DCCA R-Java 2,206.2 6,048.83%
Zebende Python 3,076.23 8,473.66%
DFA R 28,116.00 78,261.20%
6000.0 Zig Basic (4 TS)

Zig Optimaized (4 TS)

5000.0

4000.0

3000.0

2000.0

Elapsed time (mili seconds)

1000.0

0.0

HHHHH

Time scales

Figure 3: Elapsed Time Comparison for Different Implementations (four time series)

The Zebende package, using the optimized Zig implementation, was the fastest, with a 27.52
seconds elapsed time. The basic Zig implementation was the second fastest, with 42.03
seconds. The DCCA-Python package was the third fastest, with 370.54 seconds. The DCCA-
R-Java package was the fourth fastest, with 1987.67 seconds. The Zebende package, using
the Python implementation, was the fifth fastest, with 2415.94 seconds. The DFA-R package
was the slowest, with 20173.13 seconds.

The Zig basic and optimized versions occupying the first two positions in the ranking is not
unexpected, hence the Zig language is more performative than the other ones used in the
comparison. The DCCA-Python package in the third position is a surprise, showing that a
well implemented Python package can overperform a Java implementation.

The 66.50% increase in performance in the basic compared to the optimized Zig implemen-
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tation is a good result, showcasing the effectiveness of the optimizations. Another test was
conducted, wth the same data and settings as the previous one, but getting the elapsed time
inside every time scale. These results are presented in Fig. 3.

Figure 3 shows the elapsed computation time for the Basic and the optimized version of
the algorithm. The differences between the two implementations increases as the time scale
increases. If the test was conducted with a bigger time series, and with larger time scales the
difference would be even more significant.

The Zebende package implementations where designed to increase performance in scenarios
with large number of points in the series, but also with a large amount of time series used in
the DMC? calculations. To prove that, the same tests were also made using the same data,
with the combinations of twelve series, 2 by 2. The results of that second test are presented
in Table 2.

Table 2: Elapsed Time Comparison with twelve series

Package Implementation Elapsed Time(s) Performance Increase
Zebende Zig (opt) 120.55 -

Zebende Zig (basic) 213.08 76.64%

Zebende Python 3,761.40 3,020.20%

DCCA Python 4,675.17 3,778.20%

DCCA R-Java 28,980.00 23,939.82%

DFA R 309,276.00 256,454.13%

I Zig Basic (12 TS)
175000/ MM Zig Optimaized (12 TS)

15000.0 4

12500.0 -

10000.0 4

7500.0 4

Elapsed time (mili seconds)

5000.0 -

2500.0

0.0 -

~~~~~

Figure 4: Elapsed Time Comparison for Different Implementations (twelve time series)

With twelve time series, the optimized Zig version still the fastest, followed by the basic
Zig implementation. The Zebende pure Python implementation ended in the third position,
performing better than the DCCA-Python (4th) and the DCCA-R-Java (5th) packages. The
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18 Python/Zig implementation for the ppcca and DMC?

lists ended with the DFA in the 6th position.

Comparing the basic with the optimized Zig algorithms using twelve time series the perfor-
mance increase is 76.64%. Figure 4 shows the comparison between the basic and optimized
Zig implementations with twelve time series. The results are equivalent to the ones obtained
with four time series, reinforcing the capabilities of the optimization technics.

The basic version is available in Zebende version 0.1.91 and the optimized implementation in
version 0.2.0 of the package. The codes used for testing are available, as jupyter noteooks, in
the link below, where they can be tested in Google colab environment:

https://25bribeiro.github.io/paper_zebendelib/notebooks/test_nb.html

5. Summary and discussion

The Zebende package is the first tool that calculates the DM C? coefficient for any number
of time series. The package also calculates the DF A, DCC A and the ppcca, a fundamental
step for the DM C? calculation. The package was tested with data from the Ribeiro et al.
(2025) paper, and the results were validated. The package was also compared with other
packages that calculate the ppcoca, and the results showed that the Zebende package is the
fastest, making it suitable for large datasets.

The tests with twelve time scales also shows that the Zebene implementation, designed to
obtain better performance working with greater number of time series, deliver great results
even with the pure Python non-optimized version. This package enable the exploration of the
DMC? coefficient in scenarios where it was never tested before. The package is available at
the pypi.
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3.3 Maximizagao do coeficiente DM C? utilizando matriz Ppcca e
DPDCCA

“Noel Meyerhof consulted the list he had prepared
and chose which item was to be first.

As usual, he relied mainly on intuition.”

(Isaac Asimov)
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Figura 3.4: DMC? de todo os canais do experimento[1:63] para cada canal como varigvel
dependente.
Fonte: Elaborada pelos autores

Com a ferramenta desenvolvida e testada, volta-se para os dados utilizados nos artigos
do Capitulo 3 Sessao 3.1, e no Anexo A. A matriz do Ppcca para todos os 64 canais
é calculada em menos de 17min. Isso se deve ao Algoritmo Detrended Saved. Sem a
aplicacao deste, calculando o nimero de combinagoes necessarias para a montagem da
matriz (Equac@o 3.6), levando em conta que, para cada DCCA aplica-se duas vezes o
calculo do DV, chega-se ao valor de 2016 x 2 = 4032. Com o uso do algoritmo, apenas
64 valores sao calculados.

Com a matriz montada, o calculo do DMC? | envolvendo todas as 64 séries, com cada
uma delas como variavel dependente, para os 42 valores de n, utilizados nos referidos

artigos, ¢ realizado em 0.7s.
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A Figura 3.4 apresenta esses resultados. Apontando para um sistema altamente correla-
cionado. Também encontramos um pico de correlacao entre as escalas n = 60 e n = 69,
confirmando o encontrado nos artigos.

A inversa de cada uma das 42 matrizes do Ppcca também foi calculada em menos de 1s.
O DPDCCA foi implementado e calculado para todas as combinagoes de canais, para

cada escala temporal, levando também menos de 1s na execucao.

E evidente o aumento na quantidade de informagoes que se pode obter e tratar com
as ferramentas computacionais desenvolvidas neste trabalho. E necessario desenvolver
instrumentos para acessar essas informagoes.

A Figura 3.8 apresenta as matrizes de correlacao do Ppcca para todos os canais, nas
escalas temporais n = 4 e n = 69. A aplicacao do coeficiente descreve um sistema
altamente correlacionado positivamente, mesmo na escala n = 4, mas sendo ainda maior
na escala n = 69.

Figura 3.5: Matriz de correlagao do Ppcca

L 100

seciszeesdiiss

FEETEERYS ssgece Sorszdepsll

Figura 3.6: pDCC’A n=4 Figura 3.7: pDCC’A n = 69

Figura 3.8: Matriz de correlagao do Ppcca.
Fonte: Elaborada pelos autores

A Figura 3.11, retrata as matrizes de correlacao do DPDCC A para as mesmas escalas
temporais. A proposta do DPDCC A é mostrar o quando duas varidveis se relacionam
Jevando em conta as outras variaveis do sistema, acaba mostrando uma matriz com a
maioria dos valores préximos a zero, com algumas combinacoes de variaveis se destacando
em relacao ao sistema. Esses resultados devem ser melhor estudados em trabalhos futuros.

68



Capitulo Trés 3.3.1 Metodologia

Figura 3.10: DPDCCA n = 69.
Figura 3.9: DPDCCAn =14 Fonte: Elaborada pelos autores

Figura 3.11: Matriz de correlagao do DPDCC A.
Fonte: Elaborada pelos autores.

3.3.1 Metodologia

Um experimento foi montado, investigando o quanto partindo da premissa:

e Nem todos os canais contribuem igualmente para o DMC? de uma série como
variavel dependente e todas as outras como dependente;

foram elaboradas a hipotese:

e & possivel selecionar um subconjunto pequeno de canais cujo DMC? se aproxime
do valor total.

Para testar a hipdtese, foi escolhido o canal 78 Em um sistema tao correlacionado, um
canal que, para n = 4 afasta-se muito do conjunto mais correlacionado e, no pico de multi-
correlagao mostrado na Figura 3.4, aproxima-se do citado conjunto, aparenta-se como um

candidato interessante para as primeiras avaliagoes.

Optou-se pela escolha do DMC? de 1 : 8 canais, representando 1/8 do total de canais,
para comparar com o valor do DMC? 1 : 64. As escalas temporais n = 4 e n = 69 foram

escolhidas.

Foram estabelecidos cinco modelos para escolher os 8 canais que mais contribuem para o
DMC? total:
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Aleatdrio: como um artificio de controle.

Ppcca: Os oito maiores valores do Ppccade T8 em relacao A cada uma das outras

variaveis.

|Ppccal @ Os oito maiores valores absolutos do Ppocade T8 em relagao A cada uma

das outras variaveis.

DPDCCA : Os oito maiores valores do DPDCCA de T8 em relacao A cada uma

das outras variaveis.

YDPDCCA : Um algoritmo baseado nas caracteristicas do DPDCC A.

Algoritmo 4 XDPDCCA

def maximize dmc_dp(n, index, count, c_mat ):
dmc_of = [index]
for i in range(count):
comp_array = np.full (64, fill_value = np.nan, dtype = float)
for j in range (64):
if j in dmc_of:
pass
else:
for k in dmc_of:
temp = pddcca(j, k, n, c_mat)
if np.isnan(comp_array[j]):
comp_array[j] = temp
else:
comp_array [j] += temp
dmc_of . append (int (np.nanargmax (comp_array)))
return np.array (dmc_of)

O critério de selecao XD P DCC' A aparece esta apresentado, em codigo, no Algoritmo 4. O
DPDCCA tem caracteristicas particulares. Analisando a Equacgao 2.15 ve-se que, entre
duas séries idénticas, obtém-se o valor mais baixo possivel —1, indicando que a informagcao

daquela série nao agrega valor ao todo.

Pelo critério do XDPDCCA, a escolha dos 8 canais acontece de forma sucessiva. O
primeiro canal é escolhido pelo maior valor do DPDCC A em relagao ao canal TS§. Para
os proximos 7 canais, calcula-se o maior valor do DPDCC A entre o canal candidato e
o canal T8 somado com os valores de DPDCC A entre o canal candidato e os canais
escolhidos nas etapas anteriores.
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3.3.2 Resultados

A Tabela 3.1 apresenta os resultados dos cinco métodos para n = 4. O valor de referéncia
é o valor do DM C? de T8 com todos os outros canais. Os métodos aparecem na primeira
coluna, Os canais selecionados na segunda, o valor do DMC? de T8 em relagao aos canais
selecionados na terceira e o percentual do valor obtido em relagao ao valor de referéncia

na ultima coluna.

Tabela 3.1: Maximizacdo do DMC? . n = 4, count = 8, referéncia= 0.6726

Critério ‘ canais selecionados valor | percentual

Ppcca T8 Fc6 C6 Cp6 F6 F8 Ft8 P4 P6 | 0.6330 | 94.1108%
| Ppecal T8 Fc6 C6 Cp6 F6 F8 Ft8 P4 P6 | 0.6330 | 94.1108%
YSDPDCCA | T8 Fc6 C6 Cp6 F2 F4 F6 F8 Ft8 | 0.6329 | 94.0908%
DPDCCA | T8 C6 Cp6 Fp2 Afz F3 F4 Ft8 P6 | 0.5686 | 84.5341%
Random T8 P6 P5 C1 F1 F4 Cp6 Fcl F6 | 0.3138 | 46.6517%

Os valores do Ppcca, do | Ppocal € do XDPDCC A aproximam em tono de 94.1%, com
0 Ppcca, € 0 | Ppocal escolhendo os mesmos canais e performando levemente acima do
YXDPDCCA, que escolheu os canais F'2 e F§ em vez dos canais P4 e P6. O desempenho
do critério DPDCC'A fica abaixo dos ja citados.

Tabela 3.2: Maximizacio do DMC? . n = 69, count = 8, referéncia= 0.9643

Critério \ canais selecionados \ valor \ percentual

Ppcca T8 Fcd Fc6 C4 C6 Cp6 F6 Ft8 Tp8 | 0.9581 | 99.3548%
| Ppccal T8 Fc4 Fc6 C4 C6 Cp6 F6 Ft8 Tp8 | 0.9581 | 99.3548%
YDPDCCA | T8 Fc6 C6 Cp6 Ft8 T10 Tp8 P6 P8 | 0.9597 | 99.5189%
DPDCCA | T8 C6 Cp6 Ft8 T7 T10 Tp7 Tp8 P8 | 0.9572 | 99.2568%
Random T8 Fpl Po7 F7 P6 Cp3 C3 Po4 P2 | 0.8083 | 83.8165%

Na tabela 3.2 ve-se resultados semelhantes. Nesta escala temporal com maior multi-
correlacao, aparece o X DPDCC A um pouco acima dos outros e com o critério DPDCC A
mais proximos dos demais. Diferencas entre os canais escolhidos em uma escala temporal

para a outra também foram registrados.

A semelhanga entre os critérios Ppoca e | Ppoca| se deve a caracteristica do sis-
tema de além de ser fortemente muli-correlacionado, também é positivamente multi-
correlacionado. Desconsiderando o Ppcca de um canal com ele mesmo, os valores de
Ppoca variam de 0.9995 até o minimo de —0.2281. Nao existem anti-correlacoes signifi-

cativas em nenhuma das escalas temporais calculadas.

A Figura 3.14 apresenta o gréafico do valor do DMC? | tendo o canal T8 como varidvel
dependente e utilizando o critério Ppcca para ordenar os resultados. O eixo x apresenta
os valores do DMC? e o eixo y, a quantidade de canais utilizados para calcular o DM C?
em cada ponto dividido pelo total de canais. Quando o eixo y tem valor igual a 1 significa
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Figura 3.12: Channel: T8 n =4 Figura 3.13: Channel: Tf8 n = 69

Figura 3.14: Gréfico cumulativo do DM C? - Channel: T8 n = 69.
Fonte: Elaborada pelos autores.

que todos os 63 canais disponiveis foram utilizados como variaveis independentes. A Figura
3.17 aplica o mesmo procedimento utilizado na Figura 3.14, agora tendo o canal Af3 como
variavel dependente. E importante notar que, para melhor visualizacao, os eixos x e y
estao em escalas diferentes.

1.0+ 1.0

0.8 4 0.8

0.6 1 0.6

0.4 1 0.4 4

0.2 1 0.2

0.0+ 0.0 4
0.9962 0.9964 0.9966 0.9968 0.9970 0.9972 0.9974 0.9976 0.9991 0.9992 0.9993 0.9994 0.9995 0.9996 0.9997

Figura 3.15: Channel: Af3 n =4 Figura 3.16: Channel: Af3 n =69

Figura 3.17: Gréfico cumulativo do DM C? - Channel: Af3 n = 69.
Fonte: Elaborada pelos autores.

Na Figura 3.14, para n = 4, o valor do DM C? varia entre 0.52 e 0.68 aproximadamente,
para a escala temporal n = 69, os valores variam apenas na segunda casa decimal. Para
o canal Af3, escolhido por ser o canal de maior DMC? em relagao aos outros 63 canais,
apresenta variacao na terceira casa decimal para a escala n = 4 e na quarta casa para
a escala n = 69. Para os dados analisados, quanto maior a correlacao do canal com o
sistema, menor a variagdo cumulativa do coeficiente DMC? . Este resultado precisa ser
analisado com mais dados e outros conjuntos de varidveis, incluindo conjuntos de séries

com caracteristicas de multi-correlagao diferentes.
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3.3.3 Conclusao

Os critérios | Ppccal € XDPDCCA apresentaram resultados interessantes na maxi-
mizagao do coeficiente DM C? em relagao ao total. E recomendado a repeticao do expe-
rimento em mais escalas temporais e com outros canais como variavel dependente, com-
parando com o valor méximo do DMC? calculado para cada combinagao de resultado

possivel.

Os critérios de aproximacao também podem ser entendidos como critérios de semelhanca

entre séries. Se bem entendidos e validados por extensoes desta pesquisa.

A ideia de maximizar o coeficiente apresenta similaridades com o processo de selecao de
atributos em um algoritmo de aprendizado de maquina. Os resultados preliminares podem
ser entendidos como um indicio de que o desempenho destes critérios para a selecao de

atributos devem ser verificados.
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| Capitulo Quatro |

Conclusao

“I live on Earth at present, and I don’t know what I am.
I know that I am not a category. I am not a thing — a noun.
I seem to be a verb, an evolutionary process (...)”

(R. Buckminster Fuller)

A pesquisa apresenta resultados solidos e formulagbes de novas perguntas. Valores de
funcoes e coeficientes foram calculados e testados. Resultados de uma pesquisa, realizada
com dados de EEG foram validados pelos pares em publicacao.

Uma ferramenta computacional para proporcionar facilidade e velocidade nos célculos do
DMC? foi implementada e trouxe consigo um novo algoritmo, que apresenta vantagens
de desempenho em certos casos de uso.

A mudanca na quantidade de informagao que pode ser tratada,utilizando a ferramenta,
foi ilustrada e critérios para definicao de semelhanca entre séries temporais foram estabe-
lecidos e avaliados.

Entende-se que, considerando o exposto na Sessao 2.5 do Capitulo 2, pela grande aplicabi-
lidade do método em estudos da area de Ciéncias Ambientais, os avancos aqui apresentados
contribuem com a darea.

4.1 Validacao das hipoteses

1. E possivel otimizar os calculos do Ppeca e do DM C?.
2. Com maior poder de célculo o a aplicacao dos coeficientes seria potencializada.

3. Uma ferramenta adequada para o cdlculo dos coeficientes seria um impulso na uti-
lizacao e divulgacao destes.

A hipétese 1 da Tese (E possivel otimizar os célculos do Ppcca e do DMC? ) foi valiadada
pela implementacao do Algoritmo 3.

A hipétese 2 (Com maior poder de célculo o a aplicagao dos coeficientes seria potenciali-
zada.) foi validade com o trabalho apresentado na Sessao 3.3 do Capitulo 3.

74



Capitulo Quatro 4.2. Trabalhos futuros

A hipétese 3 (Uma ferramenta adequada para o calculo dos coeficientes seria um impulso
na utilizagao e divulgagao destes.) s6 serd validada ou descartada com o tempo.

Com duas hipdteses validadas e uma em suspenso, considera-se a validacao parcial das
intencoes da Tese.

4.2 Trabalhos futuros

O pacote Zebende continua sua evolugao, mudangas na usabilidade de certas fungoes serao
implementadas, assim como novos algoritmos devem fazer parte da biblioteca. Tendo os
algoritmos destacados nas Segoes 2.3 e 2.4 como os primeiros a serem incorporados a

ferramenta.

Também ¢é necessario investigar a possibilidade de implementar paralelismo no calculo das
funcoes e coeficientes, tanto em CPU quanto em GPU.

A possibilidade de, através da ferramenta computacional criada, explorar critérios de
proximidade entre séries temporais e a sua aplicabilidade como sele¢ao de atributos para
algoritmos de aprendizado de maquina deve ser melhor explorada.
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Anexo A

Artigo em coautoria

Este artigo foi produzido, com a coautoria do discente desta tese, durante o periodo do

doutorado. Este artigo embasou a pesquisa apresentada no Capitulo 3, Sessao 3.1.
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ARTICLE INFO ABSTRACT

Article history: EEG is one of the techniques more used to assess the extent of damage from these
Received 12 February 2023 ) deficiencies and even to find solutions such as rehabilitation or limb replacement
Received in revised form 11 April 2023 using a bionic prosthesis, through brain-computer interface. That is why it is of vital

Available online 5 May 2023 importance that we understand the functioning of the primary motor cortex of the brain

in the control of real/imaginary tasks. From Physionet database, with two-minute EEG

g‘;ﬁwoms' recordings in three different experiments (real/imaginary), we applied DFA and DCCA
DCCA cross-correlation coefficient methods to find auto-correlations and cross-correlations. DFA method was capable of
EEG quantitatively describing similarities when the brain performs the same motor task, and
Motor/imaginary human tasks show there are three time-scales. After, in order to compare the fluctuation amplitude of

an EEG signal in relation to the other channels and measure these cross-correlations, we
applied A logFpga function and ppcca coefficient. Thus, choosing the F; channel (front)
as the reference, we identified generally that: A logFpga[Fs : xx] > 0 and ppccs > 0. The
channels: G, Fs, Ty, and Tyo, are those that have a higher level of DCCA cross-correlation,
if compared to the channel F;. The time scale II, with 16 < n < 723, is the one with
ppcca maximum. Finally, the statistic applied in this paper, based on the DFA-method,
proved to be an excellent candidate for studies of motor functions in the brain computer
interface area.

© 2023 Elsevier B.V. All rights reserved.

1. Introdution

In medicine one of the most challenging problems nowadays is to decipher how the brain functioning, especially in
clinically states, as a physical and/or motor impairment. It could allow us to distinguish between realized and imagined
activities in the cerebrum. The human brain spontaneously generates neural bio-electric oscillations [1] with a spread
range of variability in frequency, amplitude, the scale of duration, and coherence to permit connectivity of different
areas involved mainly, in the higher cortical functions (HCF). The HCF is referring to all cognitive mental activity, for
example, thinking, remembering, reasoning, and also complex functions, such as speaking and carrying out a premeditated
movement.

Two standard techniques that are essential to study these functions, mainly due to their high temporal resolutions
(in order of milliseconds), are the Electroencephalography, that use the electroencephalograms (EEG) [2] signals and the

* Corresponding author.
E-mail addresses: florenciofh@yahoo.com.br (F.M.O. Filho), gfzebende@uefs.br (G.F. Zebende).

https://doi.org/10.1016/j.physa.2023.128802
0378-4371/© 2023 Elsevier B.V. All rights reserved.
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Magnetoencephalography that makes use of the so-called magnetoencephalograms (MEG) [3]. The EEG are the temporal
series of the bio-electrical voltage signals, measurement on the scalp by electrodes [4]. While the MEGs, are temporal
series of the bio-magnetic fields signals, measurement on the scalp using ultra-sensitive magnetometers [5]. Both are
signals produced when brain cells or neurons are synchronously activated by external or internal stimuli.

The EEG and the MEG in addition to being considered electrophysiological techniques, it is also seen as neuroimaging
techniques, i.e., the reconstruction of electric and magnetic sources inner the cerebral cortex, from the measured on
scalp the bio-electromagnetic fields [3,6]. The information that digital EEGs processing reveals in the spectral domain has
been used for decades to diagnose several neurological pathologies, such as, in the study of the pain process in humans
using evoked potentials [7]; and the diagnosis of epilepsy and autism disorders [8]. The use of a multi-modal approach
using the single-photon emission computed tomography (SPECT) and quantitative EEG, have useful to diagnostics of
dementia disease [9], and for the location of the epileptogenic zone in pharmacoresistant non-lesional Epilepsy [10]. In
other study an integrating approach using EEG, transcranial magnetic stimulation (TMS), and magnetic resonance image
(MRI) shown that is a possible way to investigate effective brain connectivity [11]. Also, EEG has been extensively used
in the investigations of brain dynamics in pathological states and during cognitive or behavior tasks. Lots of measures
have been used to analysis the features of muti-channel EEG signals, such as synchronization, coherence, and functional
networks, see [12-15]. Normally, the EEG digital processing, for medical diagnosis purpose using spectral methods, such
as Fast Fourier Transform (FFT), Discrete Wavelet Transform (DWT), among other [16-18].

The brain is considered a complex and non-linear dynamic system, and the EEG signals are classified as non-stationary
with several fractal characteristics. Therefore, the statistical algorithms applied to stationary signals are not appropriated
to the processing of these bio-electric signals. Actually, the bio-signal processing state of art have shown an increase
of Detrended Fluctuation Analysis (DFA) based methods to study different human physiological process. For example, [1]
reported presence of long-range correlations and power-law scaling behavior within the 10 to 20 Hz band (alpha and beta
bands) from MEG/EEG data recorded from 10 subjects with eyes open and closed conditions, for a duration of 20 minutes.
The power-law behavior was evident in the time-range of 5-300 seconds and the DFA scaling exponent in both the eyes
close and open conditions were 0.68 and 0.70, significantly higher than that reference data, which was 0.5. Applying the
DFA method on EEG, was demonstrate long-range temporal correlations with an attenuation of the value of apr4 exponent
or lower similarity, in the case of Alzheimer’s disease (AD) [19] and schizophrenia [20] diseases. In the case of AD, it was
shown that the apps exponent was lower in AD patients compared to controls in the alpha band. While in the case of
schizophrenia, the apgs exponent was lower in patients in both alpha and beta bands compared to the healthy controls.
The reduction of the apgs exponent value can be interpreted as a difficulty for patients to remember the past. The value
of apga could also potentially used as a bio-marker for neurological disorders like AD and schizophrenia, in future clinical
studies.

A study demonstrated that the generalized Hurst exponent estimates differentiate EEG signals of healthy and epileptic
patients [21]. In another paper, [22] was applied the DFA method to analyze serial changes in heart rhythm complexity
from the acute to chronic phase on patients who suffered an acute myocardial infarction (MI), using electrocardiograms
(EEGs). The EEGs were measurement on 27 patients with MI with elevation of ST-segment and 42 control subjects. The
DFA aprs exponent had a significantly lower value in the acute stage (within 72 hours) and also, at 3 months and 12
months after MI, in comparison with control. In a newly published paper [23], was demonstrated that the DFA method
can be used as a data processing algorithm in brain-computer interfaces, to detected real and imaginary arm movements,
in most EEG- channels.

Our group reported in [24,25] a new perspective for application of DFA method, with the root mean square of the
fluctuation difference function, Alog Fpp, to study the motor real and imaginary human activity using 64-channel EEGs,
and also, to the analysis of the EEG during the reading task [26]. In these papers were verified that the amplitude of
the Fpps rms function is greater for the frontal channels than for the parietal, and the auto-correlation exponent, capga,
revealed self-affinity at a specific time scale. The detrended cross-correlation coefficient method, ppcca [27], was applied
to analyze EEG signals from AD patients [28]. The ppcca presented to be lower in AD patients when compared with the
control group, indicating an alteration of both synchronization and oscillation in EEGs of these patients. An attenuation
of synchronization in the whole cerebrum and a bigger scale corresponding to maximum correlation was showed in AD
patients.

In this paper, we analyze the brain activity in 11 subjects, in three different experiments, using DFA method, A log Fpga
function, and the cross-correlation coefficient ppcca. The main idea was to analyze the previous methods, at eight EEG
channels, between different areas of the brain, described below: Frontal F3, Fg; Temporal C,, To, T1o; Parietal P3, Pg and
Occipital I, (see Fig. 1 for more details). These electrodes were chosen in this configuration because this symmetry covers
the entire scalp, see [24,26]. The Fig. 1 shows the schematic diagram of the arrangement of the 64 electrode locations
on the scalp, where the EEGs were measured, in accordance with the International 10-10 system. In this way we can
investigate EEGs from different channels and quantify how two areas are associated to the same scale, for a response to
a motor stimuli action.
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Fig. 1. International 10-10 system of 64 EEG electrodes. The highlighted broken lines circles identify the locations of the eight EEGs-channels used
in this paper, i.e.: frontal F3 and Fs; temporal Tg and Tyo; parietal P3 and Pg; occipital I,; and central C,.

2. Experimental protocol and DFA statistical method
2.1. Experimental protocol

The experimental data used in this work were extracted from the well-known Physionet database, available at the
address [29]:

https://archive.physionet.org/pn4/eegmmidb/

This dataset consists of over 1500 one and two-minute EEG recordings, obtained from 109 volunteers. From this set
to analyze their EEG, we chose 11 subjects randomly, represented here by:

S010, S020, S029, So043, Sosss Sos0, Sos1, Soso, So71, Sosss Sogo

Each subject executed different real/imagery motor tasks. These tasks were initialized in answer to different events
when the subject observed some targets. In real motor experiments, the target appears on either the left or the right side
of the screen. The subject opens and closes the corresponding fist until the target disappears. Then the subject relaxes.
At later time, the imagery motor tasks were executed, when the target appears on the same sides on the screen equal
to the real motor tasks, the subject imagines opening and closing the corresponding fist until the target disappears. Then
the subject relaxes. Within the experimental protocol, the chosen EEGs were measured when the volunteers performed
the following real/imagery motor tasks:

Task 1 open and close left or right fists;
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Fig. 2. EEG time series from subject Sp1o performing the Task 1, with the following channels: C,, F3, Fs, Ty, T10, P3, Pg and I,.

Task 2 imagine opening and closing left or right fists;
Task 3 open and close both fists or both feets;
Task 4 imagine opening and closing both fists or both feets.

The EEGs were measured using a 64-channel BCI2000 system [30]:

http://www.bci2000.org

with a sampled frequency of 160 samples per second and saved in EDF+ format. In Fig. 2, as an example for the EEG
signals. We can observe the time series about eight channels from the subject Sp19 performing the Task 1.

2.2. DFA statistical method

Proposed by Peng [31], the DFA-based method proved to be a tool capable of providing a priori parameter to detect the
auto-correlation of non-stationary temporal signals. The main advantage of the DFA method, in comparison with other
fractal analysis methods, is to avoid spurious detection of unreal correlations, which are non-stationarity artifacts [32,33].
The steps to be follow for apply the DFA-based method, considering a signal u(i) (such as an EEG bio-signal), where
i=1,..., Nua, and Npgy is the length of the EEG time series, were:

(1) Obtain the integrated time series by, y(k) = fozl[u(i) — (u)], here (u) represent the average value of u(i);

(2) The integrated bio-signal y(k) is decomposed into boxes of equal size n (time scale);

(3) For each n size box, we fit y(k), using a polynomial function of order > 1, called by y,(k).;

(4) The integrated signal y(k) is detrended by subtracting the local trend y,(k) in each box of length n;

(5) The Fpga(n) root mean square fluctuation (rms) function for this integrated and detrended signal is compute by,

-l Nmax
Fora(n) = | 57— D_Iy(K) = yn()}? (1)
max k=1

These steps are repeated fora all time scales between 4 < n < Ny /4.
(6) Finally, we need to investigate if the relationship between Fpga(n) and the box size (n), behaves a power-law,
according to Eq. (2) below,

Fpga(n) oc n®PA (2)

In the affirmative case, then aprs exponent can be interpreted as a long-range correlation exponent, namely an auto-
affinity parameter. This relation is normally illustrated in a log F(n) x log(n) graph, being represented by a straight line
with slope equal to aprs. To know more about this coefficient, see the Table 1.

Following the methodology, the approach using the function A log Fpgs, have the proposal of measure the difference in
the fluctuation amplitude between two EEGs channels [24,26]. This tool is an enhancement given to the DFA method [31],
and has been shown to be useful when applied to the analysis of electrophysiological signals. Using this function, we can

4
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Table 1

Statistical interpretation of the exponent apgy.

apra exponent Signal type

apra < 0.5 Anti-persistent

apra >~ 0.5 Uncorrelated, white noise

ape > 0.5 Long-range correlated persistent
opra = 1 1/f noise

oppa > 1 Non-stationary

apr > 3/2 Brownian noise

study how much two brain regions are auto-correlated on the same scale (coherence temporal). In practice, we applied
the DFA-based method on two temporal series and their logarithms individually are calculated by Eq. (3), taking as an
example the F; and any other xx channel:

Alog FppaF3 : xx] = log Fpga[F3] — log Fpra[xx] (3)
In this case we can have three possible conditions, these are:

(a) AlogFpralFs : xx] > 0: the amplitude of Fpps[F3] function on channel F; is larger if compared with Fpgs,, from xx
channel;

(b) Alog FpralFs3 : xx] = 0: the amplitude of Fpea[F3] function on channel F; is similar with Fpps,, from xx channel;

(c) AlogFpralFs : xx] < 0: the amplitude of Fpra[F3] function on channel F; is smaller if compared with Fpgs,, from xx
channel.

It is important to note that the DFA method itself performs only self-affinity analysis for only a single time series, as
well as the A log Fpea function. With the intention of measuring cross-correlations between two time series, Podobnik [34]
created the Detrended Cross-Correlation Analysis (DCCA) method, generalization of the DFA, to estimate the cross-
correlation between two non-stationary time series by means of the detrended covariance function, Fpcca. Therefore,
repeating the similar procedure described in DFA method for two time series, it is possible to verify the existence or
not of cross-correlation power-law, described by

Floe, o 2 (4)

Here, A describes the long-range cross-correlation exponent. The exponent A identifies and measures long-range cross-
correlations between two signals in different time scales n, but does not quantify the level of cross-correlation. To quantify
this level of cross-correlation, Zebende [27] proposed the cross-correlation coefficient, ppcca. The DCCA cross-correlation
coefficient is obtained as the ratio between the DCCA covariance function FI%CCA[Xi,Yi](n)' and each DFA auto-correlation
function by:

2
FDCCA[X,»,Y,-](H)

Pocca(n) = Fprax;(n)Fpeagyi (1) &)
This DCCA cross-correlation coefficient is dimensionless and range between:

—1 =< ppcca < 1.
In this case, if ppcca = —1, we have perfect anti cross-correlation. If ppcca = 0, then we have no cross-correlation. If,

ppcca = 1, we will get a perfect cross-correlation between the time series {X;} and {Y;}. Also, in [35,36] was reported that
the DCCA cross-correlation coefficient dominates the Pearson coefficient for non-stationary series analysis.

3. Results and discussions

Initially with the time series of the EEG from 11 subjects, we calculated the Fpgs function, for each set of motor tasks
(Real/Imaginary) in response to the Right/Left and Top/Down visual stimulus. To detail the influence of the Fprs method,
we calculated the traditional coefficient apgs for all possible time scale and for three different time scales (choice made
visually and also with the best adjustments):

all time scale: 4 < n < 4564;
time scale I: n < 16;

time scale II: 16 < n < 723;
time scale IlI: n > 723.

Following Fig. 1, we used only 8 channels distributed over the brain: frontal F; and Fg; temporal C,, T and Tyo; parietal P;
and Ps; occipital I,. Each time series containing 19.680 points with approximately 2 minutes, and a sampling period of the
AT = 6.25 ms. As an example, in Fig. 3 is shown the behavior of Fpg, as a function of n for all time scale and for the Spq0,
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Fig. 3. Fprs as a function of n for subject Spip performing all 4 Tasks. The continuous yellow line defines the linear fit of the experimental data for
all time scale. The different auto-correlation exponents and the associated errors are also presented. Vertical dashed lines represent the time scale
(L, I, ).

in this case performing all four tasks: Open/Close (Real/Imaginary) the Left/Right fists, and Open/Close (Real/Imaginary)
both fists (Top) or both feet (Down), depending the visual stimulus on screen. The auto-correlation exponent apg values
for all tasks are greater than 1. These reveal that the EEGs are non-stationary series with long-range persistence or self
affinity, in according with previous reports [35]. Interpreting Fig. 3 more deeply, we can state that the EEG signals in Task
1 and Task 2 are very similar, because:

apra(Real) = apa(Imaginary)

(Real) = (Imaginary) which means that Task 1 and Task 2 represent the same metal activity. The same conclusion can be
made about the Task 3 and Task 4, with app(Real) - appa(Imaginary) of approximately 0.07. These preliminary results,
with Spq0, assertively shows that it is indifferent to carry out Real or Imaginary experiments to study brain motor activity.

For better accuracy, we now did it with a sample of 11 subjects and the eight channels. The results for apgs (in time
scale I, II and III) can be seen in Table 2 . In this Table we present the mean value of apgs for the 11 subjects. The results
for (aprs) mean are presented in the Table 2, indicating a scale-dependent pattern.

Here we can see that in the overall average of the 11 subjects and all channels (last line in the Table 2), there are no
major changes if the experiment was Real or Imaginary, because the auto-correlation exponent are very similar. Therefore,
if we look at each channel separately, we can see that each one has its characteristic value of (apra) (higher values for the
front channels). Also, we can observe for small (n < 16) and medium (16 < n < 723) time scale, 0.99 < (apgs) < 1.22.
For large time scales (n > 723), (aprs) presents a value lower than 0.5, except for the channels C,, F3, Fs, and Ty, when
executed the Real tasks, and the channel C,, for the Imaginary task. Based on the Table 1, in general between the time
scale I and time scale Il we can observe the transition between non-stationary and noise signals, for Real/Imaginary
experiments. Lastly, in the time scale III, (apga) < 0.5, showing an anti-persistent behavior on this scale.

Now, knowing that the front channel F3 has the greatest amplitude of fluctuation, revealed by [24], here was calculated
the function A log Fppa[F3 : xx] described in Eq. (3), in order to measure on average where there is greater relative brain
activity and in which time scale. This result is presented in Fig. 4. This figure shows the relationship between two points
of the brain. Generally, it is possible to observe a positive difference in the fluctuation amplitude for all time scales and
channels, in other words,

Alog FppalF5 : xx] > 0.
However, if we compare the channel F; with the channel Fg (also on the front of the scalp), we can see that

A IOg FDFA[F3 : FG] ~ 0.
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Table 2
Mean values of app for all experiments. The first column contains the stimuli (Left/Right or Top/Down), second column the channel,
third (Real case), and fourth (Imaginary case) represent the app at time scale: I (n < 16), I (16 < n < 723) and Il (n > 723).

Task Channel Real Imaginary
I I I I I I

C 1.10 0.94 0.57 1.07 0.93 0.50
F3 1.19 1.00 0.51 1.01 0.97 0.42
Fs 1.21 0.94 0.51 1.19 0.89 0.38

Left/Right Ty 1.04 1.16 0.51 1.08 1.21 0.48
Tio 1.14 1.14 0.44 1.18 1.21 0.39
Ps 1.04 1.04 0.40 1.02 1.1 0.40
Ps 1.08 1.11 0.41 0.93 1.23 0.48
L 0.99 1.16 0.47 1.05 1.08 0.37
Mean 1.10 1.06 0.48 1.07 1.08 0.43
C, 1.09 0.95 0.39 1.05 0.96 0.39
F; 1.21 0.90 0.32 1.17 0.91 0.33
Fg 1.22 0.88 0.39 1.18 0.90 0.36

Top/Down To 1.01 1.14 0.42 0.99 1.12 0.41
Tio 1.15 1.18 0.38 1.20 1.02 0.35
Ps 1.03 1.06 0.33 1.03 1.02 0.29
Ps 1.06 1.10 0.35 1.05 1.09 0.30
L 0.98 1.06 0.37 0.96 1.12 0.34
Mean 1.09 1.03 0.37 1.08 1.02 0.35

Real Imaginary

S
[
h

o
»

<AlogF, >

S
N
h

-0.2

10 100 1000 10 100 1000

n

Fig. 4. Mean value of AlogFpes[Fs : xx] as a function of n, considering the difference between the channel F; and the channels: C,, Fgs, Ty, Tio, P3,
Ps and I,. Vertical dashed lines represent the time scale (I, II, III).

This result evidences the greater activity in the frontal part of the brain. It is verified that for other channels, excepting
Fs, that A log Fpea[F5 : xx] has its maximum value. For large time scale, n > 1000, A log Fpra[F3 : xx] tends to a constant
value.

As the last case of study in relation to the tasks performed by the 11 subjects, and considering the level of adherence
between the EEG channels, we will apply from this point the DCCA cross-correlation coefficient, ppcca, between the signals
(7 channels) having as support the channel F;. The results for this application are shown in Fig. 5, with {(opcca) mean.
In Fig. 5, there is positive cross-correlation for all channels if compared to the channel Fs. The channels C,, Fg, Tg, and
T10, are those that have a higher level of DCCA cross-correlation if compared to the channel F; (in this order), and the
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Fig. 5. Mean values for ppcca as a function of n. Each curve represent the cross correlation between the channel F; with the other channels,
represented here by: C,, Fs, Tg, T1o, P3, Ps and I,. Vertical dashed lines represent the specific time scale (I, II, III).

time scale II, with 16 < n < 723 is the time scale with ppcca maximum. It is possible to notice that the value of ppcca
its similar for all talks, Real/Imaginary, Left/Right or Top/Down. This behavior presented by ppccs is probably due to the
stimulus presentation time and consequently the brain response, when the subjects are performing the tasks

4. Conclusions

Through the statistical analysis of time series, it is proved that the proposed DFA based methods are capable
of quantitatively describing similarities when the brain performs the same motor task in a real or imaginary way.
Consequently, considering a referenced EEG database, we can assertively conclude that: The statistical results first showed
us that there are three important time scales, which are, I (n < 16), Il (16 < n < 723), and III (n > 723), as well as,
from the point of view of DFA auto-correlation, apgs(Real) = apga(Imaginary), for all time scales. Also, in order to compare
the fluctuation amplitude of an EEG signal in relation to the other channels, we applied the A log Fpgs. Thus, choosing the
F3; channel (front) as the reference, we identified generally that, AlogFprs[F3 : Xxx] > 0 at its average value, except for
the channel Fs (also on the front of the scalp) that has a value for AlogFpga[F3 : Fs] >~ 0. With DCCA cross-correlation
coefficient, we can see that ppcca > 0, showing that the same brain signal/response was measured for all channels. The
channels: G,, Fg, To, and Ty, are those that have a higher level of DCCA cross-correlation, if compared to the channel F3. The
time scale II, with 16 < n < 723, is the one with ppcca maximum. The ppcca statistic, quantify high temporal coherence
similitude of the EEGs performed by the brain, between the Real and Imaginary motor human tasks. For this reason, is
plausible choose the ppcca to quantitative study, this Real/Imaginary brain motor function, or possibly other types of the
EEGs. Finally, the statistic applied in this paper, based on the DFA-method, proved to be an excellent candidate for studies
of motor functions in the brain computer interface area.
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Anexo B: Publicacoes técnicas

Este anexo apresenta registros de softwares desenvolvidos durante o curso desta pesquisa.
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